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Preface 


‘This book is designed as an aid to those who are studying Trigonometry for 
the fist time by providing a collection uf completely sulved, representative problems. 
At the same time, the arrangement of the material makes it a convenient manual 
{for those who wish to review the fundamental peinciples and applications, 


‘The book, while complete in itself, is not written in formal textbook style. Each 
chapter contains « summary of the necessary definitions and theorems, followed hy 
a set of graded solved problems. The proofs of thevrems and the derivations of all 
formulas ate included among the solved problems. These, in turn, ate followed by 
4 set of supplementary problems with answers 


‘The numerical aspects of Plane Trigonometry have been treated thoroughly. 
Equal attention has been given to noo-logarithic and logarithesic solutions of both 
‘right and oblique triangles. The applications are numerous and in wide variety. 
‘The figures have been carefully drawn and labeled for greater usefulness, and answers 
have been rounded off consistent with the given data. 


Simple trigonometric identities and equations require a knowledge of elementary 
algebra. The problems here have been carefully selected, the solutions have been 
spelled out in great detail, and all arranged to illustrate clearly the algebraic processes 
involved as well as the use of the husic trigonometric relations. 


‘The chapters dealing with Spherical Trigonometry are preceded 
Solid Geometry. The theory and formulas 


Alitunce and direction on the earth's surface and certain problems relative tw the 
celestial sphere, 


Fran Aynes, JW, 
Carlisle, Pa. 
September, 1954 
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CHAPTER 1 


Angles and Are Length 


TRIGINOMETRY, us the Word implies, is comerned with the measurement of the parts 
of a triangle. Plane trigonomtry, considered in the next several chapters, 
Is restricted to triangles Iylwe 10 planes, Spherical trigonometry deals with 
certain triangles which Le on spheres. 


‘The science of trigonvestry is based on certain ratios, called trigonomet 
ric functions, to be defined in the next chapter. The early applications of 
the trigonometric functions were to surveying, navigation, and engineering, 
‘Those fuetions also play an important role in the study of all sorts of vi~ 
bbratory phenomena — sound, Light, electricity, etc. As a consequence, a con- 
Siderable portion of the subject matter 18 concerned properly with a study of 
the properties of und relations asong the trigonometric functions, 


‘THE PLANE ANGLE XOP is formed ty the two intersecting Y 
Malt Lines OF and OF, The point 0 is called the 
vertex and the half Lines are called the sides of 


the angie, 
More often, @ plane angle is to be thought of 
‘as generated by revolving (in plane) a half Line 0: x 


from the initial position OX tos terminal posi- 
tion OP. Then O 1s again the verter, O¥ iscalled the initial side, and OP 1s 
called the terminal side of the anzie. 


. 1 
co — - ©) 


An angle, 80 generated, is called positive if the direction of rotation (ine 
icated by h curved arror) Ls counterclockwise and negative If the direct Lon 
‘of rotation is clockwise. The angle is positive in Figures (a) and (e), und 
ogative in Pigure (4). 


MEASURI OP ANGLES. 


ALA desiree (°) 1s defined as the mrasure of the central angle subtended by 
fan wre of a circle equil to 1/360 of the cireusfereace of the circle. 


A minute (*) 1s 1/60 of a degree: a second (°) is 1/60 of minute. 
EXAMPLE 1. 9) kyae"2t') = 6? wy Saran’) « uate) « ean! 
©) batts’) = hagas") = arts or aan" 

© koem'D") = kPa) = LP ue' 9) = a7" 


it ANGLES AND ARC LENGTH 


B.A radian (rad) is defined as the measure of the 
central angle subtended ty an are of = circle 
fequal to the radius of the circle. 

‘The circumference of a circle = 2(radius) 
and subtends an angle of 260°. Then 2 radians, 
100", from which we obitaln, 


1 radian = 


7-296 = S7%17'45" ant 
1 egreo = {55 radian = 0.017458 rad, appro, 


whore n= BeIAN5h 


caver 2. Eset EE war ses wn 


A nil, wed in military science, 1s defined as the measure of 
tangle’ subtended by an are of a Cirele equil to 1/6400 of thn ¢1 
of the cirele. The name 1s derived from the 
te 1. 
rast = 7A, radian, 


since GAO0 mils = = 
Since 6100 mits = 360°, 1 mii = 200° 


‘ARC LENGTH. 


4A, On @ circte of radius r, a central angle of 6 radians 
Intercepts ua are of Length 


that ts, 
are length = radius » central angle 4n radians, 

(Note, s und r my be measured in any convenient unit 

of Longth but they must be expressed in the same unit.) 


[BXAWPLE 3. a) On & chrete of rus 30 19,5 the length of are Intereepted 
anele of 1/3 radian ts 


. = wt 


ro + md 
6) On the name cHtote a central anate of 30? intercepts an are 
1 = m= Bhi 
18 mA BE a 
1) On the same circle an are of Jeneth 14 ft subtends a central 


ANGLES AND ARC LENGTH 3 


4. If the central angle 1s relatively small, the length of the intercepted arc 
hay he taken ast close approximtion of the length of Its chord. 


herd, 


Now since © rad » 10008 mils and 
hme 


0 = © 10008), 


length of chord = — (contra angle in mila), approx. 


iow 


Por military purposes 


is is eritten as = Rm, whore is the cone 


tral angle expressed in mils, F th the Tadius (range) expressed in thov- 


Sands of yards, and W is the chord (wid! yards. 


hy expressed 


(Seo Probleme 17-19.) 


SOLVED PROBLEMS 


41. froreas each of the foltowingancles tn radian erasure: 
a), by HBS", ey 25°90", 


since 10 = Eradion = a.orrss rs, 


a) 
» 
we! = a ose Smt + oust me, 
ia? Be P 3. ed 
ob aPasas! WY = anai® © azar ® Sorat + 0.7902 rat, 


i 


2 kapeese each of the follovieg angles in drarre measure: 
f)'n/8 rad h) SI) ead, 6) 2/5 Fad) 473 Fae 


‘noe trad = 


0 Eres Sat sy", 


o dori) «wee. 


we forn'e) - wate’, 


4. A veel is turing at the rate 48 rpe (revolutions gor sinute or rev/nia). xpress this at 


) Ir speed in) fev/see, 6) rul/ein,  c) sad/see. 


"7 =— ~ ae 


4 ANGLES AND ARC LENGTH 


ce 4 
sy dn revmin > SE fev/eee =f reviare 


1) Sloce 1 ree > 2x ra, 48 rev/min = Aa) rad/min ~ 201.6 radein, 
4 


©) arwanin = freee + fou mune + San rare 


oF Mt rov/n = yonendnan = SE ratne > 5.08 r/c, 


44 The minute Nand oF welch Ue 12 An. tones He Far dome th EUp of the tana 


i wr is bolo hea ns 0 
Sr ea ae ae ae ee 


5. A conteal angle of » eirele of radius 90 in. intercepts an are of 6m, 


Siglo 6 te radians et Un degrees, 


154. oe 
+ mts utara 


hance iret ion by 25° 4m a distance at 129 527 


We are required to find the radius of = circle on wich a central angle 8 = 25° = 5 
neercepte an are of 190 FL, Thes 


Rom, 


DA train is soving at the rato B niles per hoor (ai/Ar) along a piece of efreular 
(us 2400 TE. Through what angle does it tara in one wioute ? 


9020 team « 


‘oA Tain, the train passes over an are of 


Since at/br = 


ho tn, = $= BE - wane rat or 108". 
TA to vein, mien 6 =F = BE «wane 16s! 


8. Assuming the varth to be a sphere of rats ag60 wins, find the distance of a 
{ote 36H fron the equator. 


sino 90 = $a 


9. Twn ettien 20 


10. A shoot 4 {¢ im dimer ts rotating at a0 pm, Find the distance (in ft) traveled by 
fn the in La coe second, tBAt As, the Linear ageed af the polat (In ft/sec}. 


rau + SE rau, 


‘Ton in 1 s0c the whee! turas through an angle 8 = §:/3 rad and a point on the ste 
travel a distance + =78 = 2(60/3) C= GR FL, The Linear velocity 1s 168 ft/sec, 


ANGLES AND ARC LENGTH 


1, Pind the diameter of # pulley shich is driven at 260 rpm ty a teit moving at 40 ft/an0, 


00 rev/ain = 300 


Ey maysee = 128 radysec 

Ep rayeee = 120 raayec, 

‘Then An 1 see the pulley Cares through an angle @ = 12% rad aod point on the rin travels a 
stance = 40 fe. 


Pee 
Weare ady -atdyn Bes nue, 
weap sagan Basan 


1. A point on the im of & turbine wheel of diameter 10 £€ moves wit a Tinear epend a FH/me. 
Pind the rate at ahich the wheel tures (angular speed) in rad/oec and in rev/nec, 

1m 1 aoe a polnt cn the rie travels a dintazee e = 45 £8, Then Ln 1 sec the wwe! tran 
through an angle B = /r + 45/8 © B radian and Uta angular apved is 9 rnd/see, 


ince A rey © 2 rad or « deer, june = 91) rov/sec = 1.48 teV/neC. 
since 1 rad or teats Dre, graaiaec = (2 oA eH /e 


18. 


Determine the speed of the earth (Jn ai/see) 19 Its course around the sun, Assune the earth's 
arvit to be a cirele of radius $2,000,000 ailes and 1 year = 365 days. 


1m 368 days the arth travels 


stance of er = 2(3,14)(93,000,000) allen, 


1513.14) (89,000,000) 


1 second it will travel distance «= 2g-14H0-000.0 


sles = 18.5 ettes, tte 
speed in 16.5 ni/sec, 


‘Ub exorese cach of the folloving angles im ails: =) 1, 4) 1620", ) O22 rag, a) 1.6 rad, 


sime 1 = 12 nits and 1 rad ~ 1000 atts, 


o) 1g? = 2%) wits = 20 atts, by aot = = 29 mils, 
©) 0.32 rad = 0.22(1000) ais = 220 mits, ) 1.6 rad = 1.6(1000) wits > 1800 mls. 
45, exprvas each of the folowing angles Je degrees nod in radians: a) 40 als, 1) 100 


e 
since ras = 
> 1001 ras, 


2) wits + 40) + Fis! and 40 wits» 40(0.001) rad = 0.04 rad, 


1) wate och «aes an wo me nr = 0 


16, shor that 1 nit = 0,001 radiaa, approninatety. 


an Perry 
att + 28 rag + 2BS8 ray o.ong00i7s rad of, asprotinately, 0.001 rad. 
0008 swpron 00 


V7. AL 00 yt range a battery subtends an angle of 18 ails. Find iw «! 


000 
= es, wats at Boke > sts 
BO 5, wats and Heme > stash = Tet 


6 ANGLES AND ARE LENGTIE 


18, A ship 260 £2 Jong ts found to nubtend ss angle of 4 mils at an observation eit on abOrE, 
‘Pind the distance trae store te ship. 


We 900 fe = 190 yd, n= 40, amt n= 1om/eD = 3, 
‘The required distance 1 3000 ¥4. 


19, A shell Us observed to burst 200 y4 to the Jeft of the tarert. Mat anlar correction should 
(We ime 4o Aiming the gun, If the range iss} S000 4 and) 7300 9? 


4) The correction 48 = WR = 00/3 = 40.atIn, to the right. 
Lk a = WIR = 2077.8 = 27 alle, to the riety 


1) te corrects 


JPPLEMENTARY PROBLEMS 


120, txprosh euch of the follveine Ia ruin measure 
aya.) we, c) a0", tuPa, o) ia’ 


Ane. 6) 52/36 ra or 0.4260 rad 6) AS1R/300 rad oF 1,3177 rat 
1) wry rad or 2.7005 rad) 608/20 Fad wr 1.966 ra 


290 rad 


41. kapress each of the folloring tn degre measure: 
1a) 4 Fad, b) 70/10 rad, ) Se/G Ful, a) 1/8 Fad, ) 7/5 eat, 


dna 0) 45%, 6) 128, oe, dh tee, «) P's” 


22. on a circie of radios 24 inches, find the length of arc subtended by 2 coatral angle w) of 
2a rad 6) of 31/5 rad, e) of TS, dh of 13 


Ane.) 16 im, 6) 1498 oF 45.2 tm, ©) WOE oF 314 tm, 4) S2N/3 OF SK Im 
BB A circle tas a radtes of 30 in. Wow may radians ure there in an auele at the center sublended 
toy an area) uf 90 In., b) of B0 tm, c} of 30 im? 
dns. a) rad, 2) 4/9 rad.) 5/2 rat 
‘A. Pind the radius of the ctrele for shich as arc 15 inches Jone subteade an angle a) of 4 rad 
Oy ot 3/3 rad, c) of A rad, a) of 30%, 4) oF SH 
ns. 0) 15 Anes A) 2S HRs €) 3 tm, oh ARO my) 1722 Im 


25, The end of 6 40 in, pendulum describes an are of 3 4m, Throueh wat anele dons the pn 
swine) An. 1/8 Fad or P9'43" 


26, 4 er 


traveling at the rate 12 aU/Rr oa & curve of rade 3000. Through a ante a 
‘none winute? Ane, 0.382 ra or 310" 


A reverued carve oa 4 rattroud track consists of too eltealar arch. Thy eenkea} angle of ne 
in 20° with radius 2390 Tt and the central angle of the other tn 3° sith ridiun 9000, Pind 
the total lemeth of the tew ares, dm. @Bion/# 1h or aie2 ft 


26. A flywheel of rutius 10 in. Is turning at the rate 900 rex. How fast dons 4 point on the Fim 
travel in ft/aeey Ane. 78,8 ft/ane 


fn automobile tire ts 30 in. tn diameter. How fast (rym) dove the bol turn on the Sele wen 
the automobile mintatns 2 speed of 45 wh? Ane. SOK tem 
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30. tn grinding certain tools the Linear velocity of the grinding surfuce should sot wxoned 6000 
‘i/see, Pind the musimun sunber of revolutions per Second a) of 8 12 in, (diameter) enery 
heel,” hy of a8 In. bee 


dns, 6) G00/% Fen/see ot i910 rev/sec, 6) 2565 rev/swe 


31, IF an antonobite whvel 32 1m, 18 diameter rotates at 900 rom, stat Ls the apeed of the car in 
oh Ane. 76.2 00h 


ch of the following angles 3m alle: 4) 45°, 6) MIS! ©) Od rad, d) 0,06 rad, 
‘Ane. 4) 600 ails, b) 1482 mils, ©) 400 mils, “60 ails 


33, lapreas each of the following im degree aad in radian measure: a) 25 mile, 6) 69 ail 
19 mile, Ans, a} 134" and 0.025 rut, 6) 3°23" and 0.06 Fad, c) 6°11" and 0.11 rad 


4. The wide of « hangar 1750 94 distant aubtends an angle of 40 ails 
ane 70-98 


or tone is tt? 


35, 


A balloon 190 FE lone 48 directly overbead, If At xubtends an angle of 30 mils, tow high 18 
He Ane. o00 9 


36. Proa a tout at sea, the angle of elevation of the top of a cliff 1s measured an 12 ails, If 
the cIIfT te hom to be 90 ft bigh, how far is the tent from the cliff? Ane. 2800 94 


1. A ill, Anom to be 190 ft bleh, subtends a angle of 20 ails fron s point on a level plain, 
Pron the sm point, the angie of elevation of a aachine gun nest on the side of the Mill 18 
found to be 12 wis How fur Is the nest atore the tase of the Will? Ane, 72 ft 


CHAPTER 2 


‘Trigonometric Functions of a General Angle 


MIMI SCALR. A directed Jine Is = Line on #hich one direction is taken as posi= 
ive and the other us negative. The positive direction is indicated by an 


arrowhead. 
A number scale 1s established on a directed Line by choosing a point: 0 
(soo Fl. 2A) called the ortain and a unit of measure OM=1. On thin scale 


His 4 unite to the right of O (that is, in the ponitive direction fran O) 
land C 18 2 units to the left of O (that ts, in the negative direction from O}, 


a o ak be 


‘The dirvoted distance OF = +4 and the directed distance OC=-2. Tt ia impor 
tant to note that, since the Line is directed, OB 7 BO und OC 4 CO. The di- 
rectal distance BO = “4, being weasured contrary to the indicated positive 
direction, abd the directel distance CO=02. Then CB=CO+0#=24 

280+ 0C=—4 + (-2) = 


A RECTANGLLAR CORDINATE SYSTIN in plane consists of two number scales (called 
‘ares), one borizontal and the other vertical, hose point of intersection 
(origin) 1s the origin on each scale. It is customary to choose the positive, 
Airection on each axis as iniicated in the figure, that is, positive to the 
right on the horizontal axis or x-axis and positive upward on the vertical 
or yraris, For convenience, we shall assume the same ult of measure on each 


By means of such a system the position of any point Pin the plane is given 
by its (directed) distances, called coordinates, from the axes, The x-00?= 
dinite or abscissa of a point F (sue Pig. 2-Ih) is the directed distance BP = 
‘04 and the y-coordinate or ordinate ts the directed distance AP > OB, A point 
P with abwcinsa x and ordinate y will be denoted by P(x.9)> 


Pie 8 rie 0 
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‘The axes divide the plane into four parts, called quadrants, which are nun~ 
ered I, Il, If, IV. The susbered quadrants, together with the signs of the 
coordinates’ of a’ point in each, are shown in Pig.2-C. 

‘The undirected distance + of any point P(x.y) from the origin, called the 
yance of P or the radius vector of F, is given by 


ra day 


a 


‘Thus, with each point in the plune, we associate three nusbers: x, ys. 
‘See Problems I~. 


ANGLES! IN STANDARD POSITION. WIth respect to a rectangular coordinate system, an 
tangle 18 sald to be in standard position when its vertex is at the origin’ and 
ite Initial side coincides with the positive x-axis. 

An angle 1s said to be & first quadrant angle or to be in the first quad- 
rant if, aben io standard position, its tersinal side falls in that quadrant, 
Siullur definitions hold for the other qusdrants. For example, the ankles 30°, 
50", and -390" are first quadrant angles; 119° 1s a second quidrant ungle; 
=110° is w third quadrant angle; —10° and 710° are fourth quadrant ancles. 


‘Two angles which, when placed in standard position, have coincident ter= 
IMindl sides are called coterminal angles. For example, 30° and -330°, -10° 
‘and 710" are pairs of cotersinal angles, There are an unlimited nuaber Of an~ 
flen coterminal with a given angle. (See Problem 4.) 

‘The angles O°, 90°, 180", 270", and all angles coterminal with them are 
called quadeantal angles. 


TRIGONOMETRIC FUNCTIONS OP A GENERAL ANGLE. Let 8 be an angle (not quadrantal) in 
‘standard position and Tet P(e,y) be any point, distinct fron the origin, on 
the terminal side of the angle. The six trigonometric functions of 8 ure de~ 
fined, in termi of the abscissa, ordimite and distance of f, ax follows’ 


ordinate absctana 
fine @ = eine = ordimate _ y = cot @ = abscissa _ x 
distance ~ + eanrer o ee 8 = cedieate 
ahscissa _ x a 

cosine @ = cos ¢ = aisciese _ x ‘secant = £ 
© distance ~ ma * 


ordinate 


tangent & 


10 


TRIGONOMETRIC FUNCTIONS OF A GENERAL ANGLE 


As an immediate consequence of these definitions, we have tbe s0-calle 


Reciprocal Relations: 


sin 8 = I/ese 8 tan 0 


/cot 8 sec @ = 1/008 


0s 8 = 1/see 6 cot 6 = 1/tan 5 exe 8 = 1/sin 6 


Con 


os) 


It is evideat from the Figures that the values of the trigonometric fime= 


tions of @ change as ® changes. 


‘in Problem 5 1t is shorn that the values of 


the functions of a given angle © are independent of the choice of the point 


Pon its terminal side. 


ALGEMAIC SIGNS OF THE FUNCTIONS. Since r 1s almays 
Positive, the signs of the functions in the va 
ious quadrants depend upon the signs of x and 
y. To detersine these signs ope my visual ize 
the angle in standard pasition oF use some de~ 
Vice as shown in the accompanying figure 10 
hich only the functions having positive signs 
fire Listed, (See Probles 6.) 


When an angle is given, its trigonometric 
functions are uniquely deterained, When, how 
fever, the valve of one function af an angle 1s 
‘elven, the angle ts not uniquely detersined. Por 
example, If sin 8 =, thon 8 = 30°, 150°, 290°, 
510°, +++. Th general, two possible positions 
of the erainal side are found — for example, 


the, terminal sides of 30° and 190° in the above illustration. ‘The exceptions 


to this rule occur when the angle 


‘quudrantal, ‘(Soe Prab ens. 7-18s) 


‘TRIGONOMETRIC FUNCTIONS OF QUALRANTAL. ANGLES. Por a quadrantal angle, the terminal 

ide coincides with one of the axes. A point P, distinct from the origin, on 
the tersinal side has either x=0,y#0 or x#0,y=0. In either caso, two of 
‘the six furctions will not be defined. Por exmple, the terminal side of the 
langle 0° coincides with the positive x-atis and the ordinate of P is 0, Since 


TRIGONOMETRIC PLNCTIONS OF 4 GENERAL ANGLE n 


the ordinate eceurs in the denominator of the ratio detining the cotangent and 
conecant, these functions are not defined. Certain authors indicate this. ty 
Writing Cot O° = m and others write cot 0°~ ==. The following results are 
Obtained In Probles 16, 


SOLVED PROBLEMS 


1. Using a rectanestar coordinate systen, lovate the 
{olloving points tnd find the value of for cack 
AG), Blt4h, C3. -30a), DUA-8). 


por: aE iy = via = 
for Br aVee i = 5 

prc: r+virH -6 
Ford: re ETS - Va 


‘2 Determine the aissine coordisste of P in each of 
the fellowine: 


2) x02, v3, Pim the farst quadrant; 
0) 2-8, r5, Pin the second mara 
fe) yecly 7-8, P tn the third geadeant: 
£3, r= V5. P tn the foarte qoxdrent 
ey eed, reat 

PeyeBy rah a) 220, ¢=2, y penttive, A) yo 0, ¢= 1, + meester, 


18) Deine the relntion at «x? = 78, we tave 4+ 97 <9: then y= 5 andy 4% 
Since Ps In the First gdrant, the aissite coordinate Is y = v5. 


by tore 9s xB = 25, y= 16 and y 


Wye s-4 ant y <8. 
eter Pa haat aw 
Pita ayt eo and 20, giyhe rh aF oa andy =z tn the 
Wyte Pate Land uo -1 Un the abenieg coordinate, 


nine coordinate, 


$s tm shat quadrants nay Pix,y) te Joeated ¢ 
4) ¥ te pomitive and y #07 &) gir a positive » 
0) y i wantive and 907d) rie is peentivey 


‘TIUGONOMETRIC. FUNETIO 


‘SOF A GENERAL ANGLE: 


\s) im the Ciret quadrant ates y J ponitive and im the fourth quadrant when y in neestive, 
(yy tw tue fourth quateant ween x Je ponltive and in the third quadrant shen x 1s negative, 
©) Tm tie est and secoat quadrant, In the socond and third qudrante, 


6) Ue rArst quadrant ahem toth x ad y are positive and Jo fiw {ir quadrant whem both 
find y are meatier. 


|< 8) Constrt the fo}Lowine aneles te stanare patton aad deters those which are core nal; 


30°, 10", aes”, saa?, a, ass, an? 


ns 
1 aise five otner 


9) Toe angles 1257 and 955° - 125° — 3-967 are cotersioal. The angles aud", isd? = S10? = 
ag, 800" = 21g? » 22607, and -an = 210° - 3-269" are coterminal. 


oS Ae Sa a = as = sae aa = 1a? + saP, aie «1a Ps 
Sais? = tas) Aedea?are cotereimal with 135 


& 


“‘THIGONOMETRIC FUNCTIONS OF A GENERAL ANGLE 8B 


the Cerainat side of each uf the anges of the Figures abone, fet P and Pave coordi 
ates ax indicated, ant denote the distances OP and OP" by r andr! respectively. brep the per= 
endiculars AP wed 4'P° to the s-azis In cach of the figures, the triangles (4) and (tD", 
aviow ales abr and a',8",7? respectively, ate Similar: Chur, 


DW Wire Wiet, alr = atin’, ba 


‘Sinor the ration are the trigosomrtric rathon for the first quadrant ane, the values of tbe 
Functions of any Flext quadrant angle are independent of the cholce of P. 


rom 1) 1 fotlons tbat 
Wr eit, alee -atje, Wows Wine, ay oe 


‘Since thee aro the trikanowetric ratios for the second quidrant an 
[ons of any second quadrant angie are independent of the eboice of 


AC As Jett for the reader to consider the cases 


ie, alba’ 


ras ria, tbr 


tle fat, rb eh 


Ue values of the fae 


bes bes male eae’, ete, and bir NYE ale = afr, ates 


6, Determine the stems of the functions sise, cosine, and tangent i each of the quudraste, 
ain 8 = 9/r, Since y 4s positive te quadrants I, 1 asd negative im qadrants 111,1¥, shite 
is alvaye positive, sin 8 Is positive in gesdrasts 1,11 and segative 1p quadrants 111,1V. 
coe 8 = a/rs Since x is positive ts quadrants 1,1¥ and neestive An If, 111, cos 8 48 post 
‘ive tn quadrants 1,1¥ aod aeeative 4a 11,511, 


tan 6 = y/s. Since + ant y have the same sient in quadrants T, III and cposite slene in 
‘auuirante 11,14, fan 8 is pocitive an qundrants 1,111 and negative in 11.1%. 


‘J Determine the values of the trigonometric furctions of angle 6 (smillest positive angle in 
‘stancard position) 1f P is a point on the terainal side of 8 and the coordinates of P are: 
5) Peas). 6) PL-B8). ©) PEL). 


reve es or dents at = vio 
windows. sin 0 = a/b = ~3%0/10 
coe B+ 3/8 cos 8 > fla.» -via/i0 
tan B= ya 4a tan Baca = 4a tan 8 ayia 
cot Bay = 3/4 cot + a4 
se @ = r/e = 8/4 woe Bo sas 5/2 
ese B= ey = 5/4 car Be ss 


Note the reciprocal relationships, Por exazp 
ain = esc6- 45, com> VarcO = 25, tan 


+ veot 8 = 4/3, ete. 
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8. In vont quaarant wilt 6 terminate, a 
1s} Sim Gand con B are both argatives c) sim $8 positive and arcant te neaativer 
1) sie 6 tnd tan 8 are toth positive?) see 8 A6 eeeative and tan © 46 neentlve? 
49) Since 9in 8 » y/r ant cos 6 = a/r, both x and y are negative. (hecall that rn aleayn 

poaitlo,) Ths, O is a thir qunrant angle. 


love ta = /x 48 positive, 


4 Since sin 8 is positives » tm positive: 
‘Thus, 0 Us a Fest cindrant anale, 

‘Since nin © ix ponitive, ym pontttew: 

‘© cond quaraie ane, 

1) ince ee @ 18 neentive, Is RegatLor: since tan @ is anette, y Ux them ponitive, Thun, 
8 i second quadrant anal 


‘inatno positive, 


ice mee 8 Ln neeative, 4 Um enti That 9 18 


9. tn what quadrants ay @ verminate, 1 
42) Sin Gis ponitiver 6) con 8 ia negative? c) tan tm mecativet d) eo @ JA ponitiver 


Since ain © 1s porltive, y As ponltive, 
‘Than say be postts¥e or treat ive and 8 is & first oF second quadrant angle. 


twee eo 6 Ls nexativn, #12 aoeative. 
Thon y may be positive oF mexative ant 8 Ls a second or third quadrant angle, 


Since tan 6 is oegative, eltber y is positive and x 1s aeeative or y 18 negative and « in 
positive, This, # aay be a secoti or fourth quadrant anele, 


Since sec is positive, + 1s positive, Thus, @ may be a first or fourth quadrant angle, 


» 


rt 


10. Find the values of cos @ and tan 8, eiven sie 8 = 8/17 
fot 8 in quadrant 1. a 
et P be a point on the tersinal Lise of €& Since 
sin = yir = R117, we take y= and r 17, Since 8 i Pcis.8) 
‘In tndrant 1, x 1s positive: thus 


‘Tw das the theure, locate the point F156). Join 
1€ to the origin, and indicate the angle @ Thea 0 = ‘4 
con 6 a/r © 18/17 and tan 6 = y/x = 8/5. 


‘he chotee of y=, r<17 4s one of convenience, Nate 
hat 6/17 = 16/98 and we alent have taben J =16, r=34. Then x =20, con 
tan f= 16/90» 15, (See Prebles 5.) 


0/34 918/97 and 


11. Find the values of sin 8 and tan 8, elven cos 8 = 8/6. 
‘ino cos 8 Us positive, 6 tn ix quadrant 1 oF 1¥. 
Since con Bs /r = 8/6, we take wes, r oes ys 8VTOTS OI © AVTT. 


‘TRIGONOMETRIC FUNCTIONS OF 4 GENERAL ANGLE 


2) Yor 0 An wuadrast 1 Pigere a) we tare > 3.9 = VT, 7° 6) then 
sin 8+ yi TT and tan 
1) Por Bin quadrant 1 (Pigure hy we have x = 5, y == vl. r © € thom 
sin Os x/r =-VIVe snd tan 


yin seis. 


12. rind en 


nm OF win and con 8, elven tan B > a, 


Slice tan 8 = y/+ 1m pogatave, B say 
Uke de yo). Tneltber ease 
eta) ty y 


Pee) 


@ 0 


sin @ + y/r 9/5 mad con 8 = a/r + 4/5. 
by Por 8 in quadeagt 1 (Pugure b), sta 8 = y/r 


4/3 and con 8 = s/r = 4/5, 


‘8. Pind sin 8, ctven coo 


As and that tan © ix positive, 


1s 


‘ace cos 6 = x/r te seeative, x is seeative, Stace also tan @ = 9/x Ls positive, y must 


toe mgative, “Then @ 15 In quadrant THN. (See Pie © beloe.) 


Taken =a, r= 5: themy = V5 Gai >a. Tae, sin B= yi = 5, 
y 
b x 
4 
ts-3) 
Pacey Probe 12 . cd) Prob 0 


UU. Pin the valuoe of the remaining furctions of 8, aires 


biawe 
tive.” Thaw, 6 is tp quadeast TH: "ee Plaure d above.) 


Thine x = “te yo eo vich® + Oy? = 


= have 


tan» y/s =v 


a cot 6 = stan 


= = v3 


see 8 = Yoon + -2 exe 8 = Wain » 2/8 ~ 244 


VIVA ad con 8 » 1/2. 
8 yr Um punitive, 3 Ls poutine, Since coe @ + a/r 1 megative, © 18 


10 ‘TRIGONOMETRIC FUNCTIONS OF \ GENERAL ANGLE 


‘5, tetermine the values of cos 6 and tan 8 Af sin B = a/n, 2 peentive fraction, 
8 I wogative. 8 As In quadrant 111 oF 1¥. 
Vo scent HIN: ead gwen ese aan 

cue airs Aaa ant tan = an = alata. 
by) We qwadrant a= Tae ys a rom ee Ma: then 


con Oe aire Atay and tan B= ya = alata, 


ecnomtric functions of a) Pb) 00°, ) 1m, a aM 
ry 05 en 8 90% 


16s Owtermine the valuey oF the 


ut Pt any polnt (wot 0) om the Rerainal side of @, shen 80? 
dotiy sri hen Botta, ao atyy =O; hen 82m, 


y y 
pews A 


Bren ye0 e-ws-oy 
sin WP = y/p = rir 
for BS ir Or 


tan og? = 3/e = ta 
cot WP = Hy = alr =0 
Sree riret pe er 
fe OP = iy > Se Sse Po ry erie 
B= MP: eer yoo Baw nO, year 
‘sin 190? + y/r © a/r = sin Ba = y/r = t/t 
oe IMP = a/r = rir = 1 Gm FW ours aro 
tan tad? = 9/6 Wr «0 tan 2a = ys = tm 
cot 1m < Wy = 8 cot Zo? = a/y = O/-r = 0 
fee 1M = rie = rar = se BW orate 
ene INP = ry 40 (ee WPS riy = rier = at 


Tt han teem noted that cot OP and cae OP are Rot defteed since division ty sano Ja never 
permittee ute (e) below, take @ a small pouitive angle standard potion and ow 1 
termioal Peasy) a 

rm 


Nor x increases but (alae amaler than r while y decreases 
‘Then cot 0 ant esr 6 toeume Larger sad Ieraer. To ee this, taker ={ aad compute exe 6 whan 


, 
(ee acim A e 


we w 5 
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Y= Oe 0.0%, 0.001, *077.) Tats state of attains 1s indicated by writing cot OP += and 
se OF = o. Nate that while the sign > 1s used, we do aot really sean that "cot 0° equals"; 
two mean Chat as a seul] positive angle becomes suailer and souiler, Ube cotangent of the aa 
te becomes a large and Tanger ponitive wenber. 


‘Next supgone, as In Figure (f) above, that 6 is nomerically small and negative nd take 
Pcx.y) on tte Uerminal side at a distance r fron 0,” Toen x is positive an sliuhtly snalier 

‘a poeative and tomerically aml: ¢ot6 and coe @ are segative and numerically 
res, “As 6 lncreases toward O°, cot G and esc 6 remain preative but becope larg tod INFEST 
tunoricaliy. This ts indicated by writing cot == and coc ~2, 


valuate; a) nin oP + 2 cow OP + 2 nim go” + 4 con po + 5 see OP + 6 ene we? 
‘hy sim 180? + 2 com BOP + 3 stn 2 + 4 cen 207 = 5 see 180 


8) 0 Bay + aet) + 410) + Sey = 842) = 
B+ Bly + 21) + 440) = BE) = 


wn 


Gene 20 


1K, Using « protractor, construct an angle of 20° un stand 
rd position, Rith O as center deseribe am arc of ra- 
ius 10 units meet ine the terninal side InP. Fron P 
frep a perpendicular t the svasis, metine Mt io A. By 
sctinl measuresent, (8.6 s0d AP 3.4, aad P bas co 
ordinates (0.4, 3.4). Then 


sina? -aa/o0-0.m, cot af + sane = 28, 


cor O09 = 94/10 «Oe, see ao = w/a = 1, 
tan MP = 3.4/9.4 = 0.36, ese 0" = 10/4 = 28 


Obtain the trigonometric functions af 50° as inProblen 
M8, Rater to Plaure (2). ® 


9, 


fy actual seasuresent P, on the terminal side at 2 
distance 10 unite from the origin, has coordioates (6-4, 7.7). Then 
sia so? = 7.7/1 + o.7s, cat SP» GATT = Om, 
cor 50° = 64/10 Oe, sec SOP > 10/63 = 1 
tan = 27/64 = 12, exe WP = LOTT La, 


ry TRIGONOMETRIC FUNCTIONS OF 4 GENERAL ANGLE 


SUPPLEMENTARY PROBLEMS 


‘nndeant in wbich each angle tereinaton sl the sizes ofthe sibr, coun, and tate 


Lot es ales 
aN ae aa, ate, OP, Nw, at Phy 


dna. 0) ths bee om On. 8 At gm mt 
21s An shat marae Wi3k 6 terminate tf 
44) sin G and co8 fare both ponttsee? 2) fan 8 As gouitive and see @ 48 aegativer 
1) om @ ant an Bare bath pomit ve 5) tan 18 teeat ive and see Be positive? 
1) AUN an are 8 hee both Bega see? (©) sin 8 is ponitive ant com 6 48 neuative? 


{1 on 0 and cot B are both nogstiver Soe #8 pouttive ant eve OAs negate? 
Mm OE OM TH, fy ght, Wav 


wit by @ the sautteat poeitive atte abate Germinal sje pansey through Ur given point 
4nd Find the Erieonumtete finet toes of 
Pea. PTA, CAPD. A) Pees 


‘ns. 9) 12/40, ~8/13, 12/5, 8/12, -10/8, 19/12 
ty B28, 1/35, tat. are 357, a8 
©) aivia. 21a, 2/2, 2/3, via/2. A 
1) VS, WW, 873. 373, = 0, US 


24, Fad the values of the teiguncmtric fenctiont of 8, given! 


8) sin = 35 d) cot 8 = BT #) tan 6 = 3/5, 2) ese = = 25 
1h cos 8 = “4/5 a) a8 = 23 cot @ = a2 
fc) fan Bo 5/12 fice 6-58 es pee 


ns. a) 12 7/25, 28/35. 7/28, 20/7 28/24, B87 
Mi 7/3, -aa/3s, 29, “M77, B80. BT 


A. 48. 49, 5 sa: WE as. 45. 2 a i 3 


©) TE 5/3, 1213, 9/12, 12/5, “19/12, 1s 
We 5/13, H2n, 843, 13/8) JI, 8 


W772 V2. Vk WT Bh BT 


ir. 25. #92. 3/8. 272 
“2/8, VB/A. “2ivb, =A2, ab, 372 


6, 9/6 VTL/Ss SVT 8, 8TH 
We =V16 8/6, =F1/5, BVI. 6/3, EL 


kan, 90, 300, 90, vaa/8, Ur 
TWN afte 3). 9/5, 9, = 508, A 


hy 1 avi, AS. ail via, Ah 2 
Wty 2/010, ¥ije5y a, VaR, Nig ARE 


0) MS BiB VS. ty 1/2, VS, Bla: INT: 25, vB, 2 8, Vs 
PO 2, A WE eR 1 oA = a 


valuale eae Af kon fotdowjne: 
4) tan aac” = 2 eon uot + 3 cae an = tm 99” - 0. 
8) ate oP « 3 cot 00 + & ane aan" - 4 con zm? = -5, 


CHAPTER 3 


Trigonometric Functions of an Acute Angle 


[TRIGONOMETRIC PUNCTIONS OP AN ACUTE ANGLE, In dealing with any right triangle, It 
IIL be convenient (see Pls 3-A) to denote the verticen an A,B,C vertex of 
The right angle, to denote the angles of the triangle us 4,0. -90°, and the 
‘siden opposite the angles as ».b.c respectively. Mth respect Lo angle A, a 
NAIL be Called the opposite side and b will be called the avjacent aide; with 
Tespect to angle B, a will be called the adjacent side and the apponite 
ide, Side € will always be called the hypotenuse. 

Tf now the right triangle 4s placed in a coordinate aystom (Pik. 3-8) 40 
that angle A ts 18 standard position, the point Bon the terminal side of an- 
fle A has coordinates (b,) ani distance c= /at+ 6, Then the trigoiomtric 
funetions of angle A'may be defined in teres ‘of the sides of the right trie 
angle, as fol lows: 


2 | biby2) 
| 

a ry . a oan 
sina =~ Sopesite side cot 4 = % _ Séjavent side 
4 = © * “Tupotemase ot A = = Opposite side 
con 4 = & = siacent side wee A = £ — hypotenuse 
©” hypotenuse & ~ adjacent side 

2 _ opposite side © __ hypotenuse 
fan e 2) soeeite site tnd = © = —tpetaine 
& * adjacent side 4 = 3 * oppasite side 


‘TRIGONOMETRIC FUNCTIONS OF COMLIMENTARY ANGLES. The acute anglen A and # of the 
Tight triangle ABC are complementary, that in, A+ = OO". Pron Fig, 2°A, we 
ve 


con A cot B «a/b» tan A 
sina see B= c/a = ene A 
cot A csc 8 


c/b = 900 A 


‘These relations associate the functions in pairs — sine and cosine, tan~ 
font und cotangent, secant and cosecant — each fuiction of 4 pair being called 
the cofunction of the other. Thus, any function of an acute angle is equil to 
the corresponding cofunction of the complementary angle, 


@ 


20 ‘TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE 


[TRIGONOMETRIC FUNCTIONS OF 30°, 45°, 60°, The following results are obtained in 
Problems 8-9, 


Anate 6 | sin | cas 6 | tan | cot 9 | soc 8| emo 8 
a0" + |es aa] a] aa) 2 
we | aa} ae] oo 1| ala 
w |ws] : | aaa] a | ws 


PROBLEMS 10°16 LLlustrate a ounber of simple applications of the trigonometric 
inet ions. Por this purpose the following table wii be used, 


angle 6 | ain 6 | com 0 | tan 6 | cot | swe e | oxo 8 


ase | 0.26 | 097 | 027 | a7 | 10 | a0 
me oat | 09s | oe | 27 | a | 2a 
30° | 0.50 | 087 | ose) 17 | 12 | 20 
wr oct | ort | om | 2 | 3 | 16 
ae fonlon| 10 | 10 | na | ne 
se | ort | oc: | 1.2 | om] 16 | a3 
eo | ast | 050 | 1-7 | oss | 20 | 1.2 
mw | oor! os | 27 | oss} 29 | a9 
ww | ost | 0.26 | 3.7 | o27| a9 | 1.0 


SOLVED PROBLEMS 


1. Pind the values of the trlanmomtrie fanctiane of the acute angles of te riebt triangle ABC, 
elven he aband © © 23, 


eppontte nie 
ypotenise 


nina 


tae 8 07 een am 


TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE a 


2, Pind the valuos of the trigmonctric functions of the acute an- 2 
les of the riaht triagle ABC, kiven @ = 2, ¢ - 2V5. 


since bP = oF = oP = (a5) (ai? = ama 6, beg, Then 
sind = 1/2v~ 5/8 = con® cot A> a> 3+ tan 

con A= 4/28 «205/58 = ain B see Av 2v5/4 = V5/2 mene H ry 
tan A> 2/4» 2 cot B cue Ae 2 


2+ B-sec8 


ind the vatwen 


the trlgonowtrie fusctiuns of the acute an- 


fle A, aiven ain A» 2/2. 2 
Construct te right trtamle ANC having a3, 07 and bo P= e 
= 2710 ta, Then ‘ nea 
aint cot As 28/4 
08 A = 2y10/7 sec A = 1/300 = 300/20 err iad 
tan A= 2/210 + aV10/39 ese A 3/3 
4 Pind the vaiues of the trigonomtric functions of the acute anele B, civen tan l= 1.5, 
fofer to Pig.(2) belon. Coostract the right triangle ANC having b « 15 and a = 10 units, 


(ote that $= 3/2 und a right triangle with b= 3, <= 2 will serve equilly well.) 
men c= as? = ia? +15* = Sv ant 

19/5 v8 - 37/3 cot B= 2/3 

10/318 ~ 28/13 se B - 5/1/10 = vin/2 

5/10 = 372 eae B+ 33/1 > V/s. 


3 lea aos 
oF on ere eed 
(0) Pr 6 Pies) Pros Pia, e) Prot 6 


i IEA tn acute aod ain A = 24/2, determine the values of the remining functions, 
Construct the Fight triangle ABC baring « = 28 <3 and c= 3, a in Phes(h) above, 


ton b< dPaal = vena and 
Py cord = 
Meds eee VE, tate Een as 


a 


6. AFA tn ncute ant tan A =e» a/t, determine the values of the remining Tunctions, 
onatruct the Fight triangle ABC having a =x and b=, a5 sn Fie. (e) stove, Then 6 = YETI 


sad 
see A= VFGT, exe 4 
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Te WEA ian acute angle: a) Way ie sin 4c 17 4) my Ss ain dc tan Ap 
Th iments ste Av coe A? eh Mew de alm A < con A 
©) my is sind< csc Ay fi Mon de tan A> 17 
1m ony right rane ABC 
42) Bide w < side e; therefore mind = a/e < te 
1) Sin A'= con Ambon ale = We; Ebene = be A= 
¢) Sin A-© 1 (alove) and ene A» Wain A 
Sin A Safe, tan A = a/by aad bcc: therefore a/e <a/b or gin 4+ tan Ay 
1) Gin As con A ston ae by thee Ae Bor Ac OPA, and A < 4S), 
Yh Taw As a/b >i then wb; then A> Band A> 4s 


anda a, 


A. Vind Sh values of the Erteonomtete uctions of 45°. 
4h uty (soneeles right tetanele ABC, A» B= 45° and a > by 


Utah then es viet = v2 and 
sina EWE coated 
cmd VE WE meas 


tan 4s = Ut 


1 ese a 93, 


9. Pind the values of te Erigomoeetete mets of 20° and a. 


tn any equilateral triangle ABD. each ale ts eo. The 0 A 
sector of any ancle, a5 B, 1s the perpendicalar bisector of the 
opposite sue, Let the sides of the equtiateral triangte be of 
Ingth 2 wuts Then inthe Fieht trianale ABC, AB =2, AC=1, 4 a 
ant a = FF =v. 
sina? = 1/2 = con oP cot aff =y3 = tan a 
con ad = VE2-ns@? wear 2WE-2ia-cce" EE i 


(an au?» Lv-VB/9 = cot OP cae ac? «2 « ace a 


10 hon the se Ls 20 above the horizum, tow Yong Us the stadow cast hy a Gultiting 150 f6 Meh? 
1 Pigs (d) belom, A= 30° and CH » 150, Thon cot A = ACICE and 


AC © CIE ot A» 130 ct 2 © 15002.7) © 405 HH, Hi 
* 
° 
“ 
ee bs 
ie Pi a 
— lc vl Ic Aaa 


ry 
asp Probe 1 Pie ey Prete 1 asf) Pre 1 
0 fe tn1) caste « shadow 130 £t Jeng, Pind the ance of elevation of the sun, 

1 Pigs ce) above, (8-100 and AC 130. Then tan A = CHC » 100/130 + 0.88 and A « 40 


12. A indier Yoon aesiest che side ot « tailing With Mts foot 13 (2 fram the bulldinns Hon fae 
frum the groin be the top of the leaker and how Hong is the ladder Af A€ maken) angle Of 
TW! with Ue aroun? 


From Pls.) tore, tan A= CRINC: them CB + AC tam A = 42 tan WP = 1202.7) + 3864, The 
top ot the later te 22 ft stove the grou. 


See A GABAC: Wien AB = AC ancd =12 sec TOP = 1202.9) = 348, The Inder te 38 TE Tone, 
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Prem the top of x Lighthouse, 120 ft above the sea, the angle of depression of « boat 14 18°, 
How far 1s the boat from the’ Lighthouse? 


) below, the right Crisngte ABC tas A = 18" ed CH = 120) then 
cut and AC = cot 4 = 130 cot 18? = 1B0(R.T) = 448 EE 


, 
Sees S\ 
120! 
: ‘ 


Play Prob. 13 Pinch) Prob ag 


mri 


4, Pind the tonath of the chord of « circle of radius 20 Sn, suitended by «central angle of 150°. 

In Pig.(h) above, OC bisects (AUB, Then BC = AC and OAC ie & right trianele, tn AOKC, 
fn £001 = ACIOL and AC = Ot sts (ODA «20 ain TE = 2000.97) = 19.4. 

‘Then AA = 38.8 nad the length of the chord 1s 38 in, 

15. Pind the beieht of tree AF the angle of elevation of ss tap chances fron 20° to 40° as the 

fhserver advances 75 ft toad its base. See Pig. (1) below. 
1m the right triangle ABC, cot A =ACIGR: then AC= (CB cot A oF DC+75 «CB cot 20°. 
‘in the right triangle D6C, cot B= DC/CE: then OC = CB cot 40°. 
Then OC = Beat AP 15 + Cet AP, Beat Pent 40") = 7, 
2.11.2) = 75, and B= 8/5 + 50 Tt. 


e 2 
ea £ : 
Pea A\ ce J 
we 


iC 


0) Pra Pin) Prob 16 


16, A tome standing on lever eround ie du north of point 4 and due west of poiot By w diatance 
© AU Trae A. If the angles of elevation af the top of Ube town as measured fron A and are 
‘Gand # tespwotively, Find the belest h of the tower, 


1m the right triage ACD of Fig. y) above, cot a = AC/h; nd in the right Urianele BD, 
wot B = BC/M. Then AC ™ heat @ and AC h cot B. 


Since ABC Is 8 riaht trlanele, 0)* + (BO? = 


= Hoot ay? «Moot £7 and 


* Tetar et 


YP. IF hates are to be spaced regularly oo 4 cirete, show tat the 
of two successive holes Js given by d > 27 sin 


stance d betacen the centers 
tere 7 = radius of the cirete an 


4 TRIGONOMETRIC FUNCTIONS OF AN ACDTE ANGLE 


unter of holes. Find d wien r= 30 18, and m= 4. 4 


st A anf be the cesters of tao euasecutive bales on the 
circle of radiue r anf conter Os tet the bisector of thn angle 
(oF tho Celnate ACH wot AME ACC. Im riaht triangle 0c, 


sin {AUC © aCe = Bir» avr, 
Mon d= ay sim fue = 27 aim 3/808 


a ste S¢aur/my = > nin WE 


Vora in nd, = mean na « As 


st 


PLEMENTARY PROBLEMS: 


1M Find the value of the Erteonowetric futons of the acute ances ofthe right trianelw ABC. 
Kin aera bedr Oardess chavh en be 
Re vO, 24/7 173, 3, «yas AD 
sa: Biv, ws, vB. Vhs 878, BD 
ie BE A)n, aA TAL ANT, 3, ANT 


Ants a) AE MTB, A/D, a as 
by a: 2/5, v5. 343 
ey A: AL AIM ANS UB, AN 


19. Mich Uy the ereater amt wks: =) sts Ss° of com Ss?) tan 45° or eat 15 
B) sm a or eae a0?) see 35° or car S5°F 
Mint: Constler a right triangle Maving as acute angle the given angle. 


fins, a) sin So", b) con 4", ch cat 1S", dh wee 


20, Pint the value of each of the following. 


4) sin ao! + tan 43° ae 
Ota om or Tee oF as oP 
1) sn a co et co a” ain? jp eat nem ah vcoe oe 
4) Con a0 co P= Sin? sino =o oP 


Ms. 20% WR OE OL ANE fh 


BL Ama drives 500 1% along & rod which 16 Inclined 29° Lo the torinootal, Noe Mab above his 
SLAPLIRG pont 16 ho? And. HO A 


{22 A teow brohom ower hy th wind forms « right trianele with the grou, If the broken part 
bakes an angle vf 9? with the ground an Af the Cop of the ree ts mow 20 ft from IEA bi, 
thw Call ws tho tree?” Anes 36 1 


23. Two straight ron \Aberwect ti form an angie Of 39%. ind the shortest 
‘oud tow eae station on the Otber roal 1000 f% from the Junction, Amt. 


2h, To ulidings wiKh Tia te are gh FL apart row Lie eit ot Che shorter Walling 4B ft 
Im been, Ube hnale of elevation to the eee ot Uhr roof of the taller buthdine ts 40". Mo 
igh tn the Waller building? Anes a 


25. A Inder, with 10s Toot In the atevet, makes am ane of 20° eith the street when Ate top 
‘eats on bulldine on one side of the street and makes an angle of 4g ith the street when 
‘ts top rests om a building on the other sie Of Ube street. 1f the Tader 2 501 Jeng, Kew 


se 18 the street nee a2 tt 


16 Pind the pertenter of an inoaveles tetanele whose base 48 40 An. 
Ans 156 4 


town tase angle is WP, 


CHAPTER + 


Tables of Trigonometric Functions 


SOLUTION OF RIGHT TRIAN 


APPROXIMATE VALIES OF TIE: PUNCTIONS of acute angles are given in Tables of Natural 
Trigonometric Punctions. These tables, as published in texts, differ in 
feral respects. Some give the values of the six functions, othera are restricted 
to the functions sine, cosine, tangent, and cotangent; som ive the values 
to four digita while others give values to four decimal places. We shall use 
the Intter table hore, (In case the values of secant and casecant ure not in 
eluded in your table, reference to these functions is to be deleted, ) 


POUR PLACE TABLE OF NATURAL TRIGONOMETRIC FUNCTIONS 


WEN THE ANGLE 1S LESS THAN 45°, the angle ts found in the left hand column of the 
table and the function ix read at the top of the page. when the angle is 
freater than 45°, the angle is found in the right hand column and the func~ 
{ton Ls read at the bottor of the page. 


110 FIND THE VALLE OF A TRIGONOMETRIC FUNCTION of a given acute ancle. If the angle 
Contains a nunber of degrees only or a number of degrees anda multiple of 
40", the value of the fuction is read directly from the table. 


EXAuPLe 1. Pind sin 24°90", 


Opposite 24°40" (<5) im the left hand column read the entry 
0.4173 in the column labeled Sin at the top of the paxe. 


ByAWpLe 3. Find cos 72°. 


Opposite 72° (245°) in the right hand column read the entry 
10.3000 in the coluan Labeled Cos at the bottom of the paKe. 

EXAMPLE 3.) tan 55920" 1.4460. Read up the page since 55°20! > 45°. 
4h) cot 41950 = 1.1171. Read down the muse since 41°50'< 48°, 


[Uf the munber of minutes in the given angle is not & multiple of 10, as in 
24°43', interpolate between the values of the functions of the two nourest 
tangles’ (24°40" und 24°50" } using’ the wethod of proportional parts. 


RxAwPue 4. Pind sin 24°43". 
Wo find 


24840" = 0.4173 
Sin 24°50" = 0.4200 
Difference for 10° > O:BO24 = tabular ditterence 


Correction = difference for 4° = 0.3(0.0027) = 0.00081 oF 0.0008 
when rounded off to four decimal places. 


‘As the angle increases, the sine of the angle increases; thus, 
sin 24°42° = 0.4173 + 0.0008 = 0.4181. 


If u five place table is available, the value 0.41813 can be 
read directly from the table and then rounded off to 0.4181. 


% TABLES OF TRIGONOMETRIC FUNCTIONS 


EXAMPLE 5. Pind cos 64°26" 


We fina ‘cas 64°20" = 0.4331 
‘com 64°30" = 0.4305 


Tubular difference = 0-0026 


Corrvetion = 9,640.0026) = 0.00156 or 0.0016 to four decimal 
places. 
1s the angle Locreases, the casine of Uhe angle decreases. Thus 


com @4"26" © 0.4931 ~ 0.0016 = 0.4315. 


To have tlm, we ohowld procees! as follows in Example 4, 

©) Locate min 24°40! = 0.4178. For the soment, disregard the decimal point 
‘vd ue onty thee nequonce a 

>) Pini (wontalty) the tabular differeace 27, that is, the difference between 
Une sequence 4173 corresponding to 24°40" and the sequence 420) corres 
ming ti 24°50" 

©) Pind 0.3(27) © 4 and round off to the tearest inteser. This 18 the eor= 
eet ton 

‘i Add (since sine) the correction to 4173, obtainine 4181, Then 

‘sin 2f43" = 0.4181 


hea, as in the above example, we interpolate from the smaller angle to 
the larger: 1) The correction Js added 1m finding sine, tangent, and secant, 
2) The correction Js subtracted in Tinding cosine, cotangent, and casecant: 


‘See also Probles 1, 


TO FIND THE ANGLE WHOSE PURETION US GIVEN. The process is « reversal of tat given 


BxAWPLE 6, Reading directly from the table, we find 
0.2924 = sin 1, 2.7725 = tan TPO". 
EXAWPLK 7. Pind A, given sin A= 0.4294. 
Te given value is nol an entry in the table, We find, however, 


0.4228 = min 257 0° 0.4236 = sin 25%! 
0.4253 = sin 2510" i234 = Sin A 
Tabular dire. = 9.0027 0.0008 = part ind difference 
0008 a ' 
Correction « 90008 9). A wary =a", to the 
rect F000 a0") = J 40") =a", to the nearest minute 


Abin (vince sine) the correction, we have 35°" + 3! = 2509! = Ay 


HxAMLx H. Pind A, Klven cot 4 = 0.6345. 


We find 6.6320 = cot 57°40! 0.490 = cot 57°40! 
OL STN -6M5 = cut A 

‘tubular aver. 0.0015 = partial difference 

‘Cvereetion 5 10°) = 4°, tw the nearest minute, 


“a 
Subtracting since oot) Uhe correction, we have 
STO — 4! = SP 36' » A. 


SOLUTION OF RIGHT TRING! 


To save timo, we should proceed as follows in Banple 7: 

9) Laeate the next smler entry, 0.4226 = sin 25°0'. For the munent use on= 
Ay the sequence 4226, 

b) Pind the tabular difference, 21. 

©) Pind the partial difference, B, between 4226 and (be given souuence 4234, 


Pint io) = 3 a wa to 0, see Probie 3 


HRMLORS. IN COMPUTED RESULTS arise Crom: 
‘#) Errors in the given data, These errors are always pry 
ing from measurements. 
+b) The wo of tables OF trigonometric functivas, The entries Ln such Lables 
fare Ususlly approximations of never ending decieals. 


‘A measurement recorded as 35 feet mans that the result tn correct to the 
earost foot, that 1s, the true longth 1s betwcen 34.5 and 35.5 feet. Simi- 
larly, a recorded Length of 35.0 Tt seans that the true length is. ietweon 
34.95! and 95.05 ft; a recorded length of 35.8 {t means that the true Length 
4s botwoen 35.75 and 35.85 ft; a recorded length of 25.80 ft means that the 
true Length i between 35.795 nd 35.005 Tt; and so on, 


in data result 


SIGNIFICANT DIGITS. In tho nunber 25 there are two significant digits, a. and 5, 
‘They are also the significant digits in 3.5, 0.35, 0.035, 0.0035 ‘but not in 
385.0, 3-50, 0.350, 0.0380. In the nusbers 35-0, 3.50, 9.350, 0.0350 there are 
three significant digits, 3, 5, and 0. This is another eay of saying that 35 
‘and 35.0 are not the sane masuresent. 

It is impossible to detersine the significant figures in a measurement re- 
‘corded a5 350, 3500, 35000,-++-. Por example, 350 say mean that the true re- 
sult is between 345 and 355 or between 349.5 and 350.5. 


ACCURACY IN COMPUTED RESULTS. A coaputed result should not show more decimal places 
than that shown in the least accurate of the seasured data. Of inportance here 
fare the following relations giving comparable degrees of accuracy in lengths 
‘nd ungles: 

) Distances expressed to 2 significant digits and angles expressed to the 
nearest degree, 


+) Distances expressed to 2 significunt digits and angles expressed to the 


earest 10°, 

€) Distances expressed to a significant digits and angles expressed to the 
fwarest 1", 

) Distances expressed to 5 wignificant digits and angles expressed to the 
nearest 0.1". 


SOLVED PROBLEMS 


A. ah sin sePa4! = 0.045 ; 8399 + 0,406) = sa39 + 6 
by com t9P4s" = o.gnt2: 9447 - 0.5¢20) = 9817 = 5 
2) tan 7712" » deaoie; 4807 + 0.21897) = sa09T + 119 
by ot 426" = Aenee7; nT 
(ey see 28%e1" = sono; om 


+ 0.504) = wots + 10 
fee 64! = 1.1800; 11ST - 8.4119) ~ s1547— 2 


TABLES OF TRIGONOMETRIC FUNCTIONS 


2. AF the correction Ux 6.5, 12.5, 10.3. ete, we sball roundoff so thatthe final result 18 even: 


a) sie 2x7" 472+ 0.7ay) > ere = 15 


by cot 69°33" sa07 = 0.305) + #487 ~ 20.5 
©) con as°2s! ude ~ 0.307) = 5158 83 
1) wee P39 12960 + 0.9(3%) = 12000 + 18.3, 


S.) nin A © Osean, A eas": 


+ fo saw oa! 
Bes «ae! 
Bae - 


by com A = 0.5087. A» SxPa8 


6) tan A = 000470, A = 4°30! 


fess imen a atm | ate! = Ban's «ae 


0) wee Ae 2e3t0m, As 69°28! : 


Mae's « a! 
fewho set, Acasa; ate 


0 we! 


4, Solve the riuht triangle Ln which A + 35°10" and © + 72:3. 5 
‘solution: 8 = oo — 25° 


S630". . 
w/e =sind, ane sind > T25(0.51@) - aba y 
Wen cok, bee ced = 725008178) = 58.3 
mck: a/h=tamd, <b tana» 50.9(0.7046) = 41. 4 Ic 


5. Solve the right triangle in welch « = 24,35, 4 = 5#°s3'- 
Solution: = 90° — saPsa" = 29°2". 
Be cot A = 24,26(0-0186) ~ 14.90, 
ese exe A = 34.961 1881) + 2845, oF heed 
ae = snk, c= a/simA = 24,26/0.6562 = 28.45, 
neck: be con A = 25.48(0.8168) = 14.70, 4 lc 


bfe = e088, 


6, Solve the right triangle ABC in whieh = 


sorten aed = 22 naan 4 fs 
avteh, crewmen a. 
fie nin, esate ks aroun = 3 
me chek, Co we A SALON = 50.8 0 
‘ a 


tle cue hye = Beem A 242/0.003 50.2. 
ny 
‘T. bolve the eiubt tetanele ABC ie whieh b = 15.28, € + 32.68, 
1s. y Sra 
otution: nin B = HE. o.gess; = zh Qs', A= PB + oPit', 3 
a/b cot Bw = beat B= 25.25(1.8055) = 2.50 
‘ le 


Ctwck: w/e = coe 8, «= «ca B + 32.65(0.8808) = 28.50 coe 


SOLUTION OF RIGHT TRIANGLES 


R. The hace uf an lsusceles triangle is 20.4 and the base angles are 
{6 40', ind the equal sides and the aleituie of the trinaele, oi 


1m the figure, HO 18 perpendicular to AC und bisects tt, 


1m the right trinaete ARD, 
ABAD = ae A, AB ® 10, 3CLS141) = 15046 OF 
AD/AB = cow A, AB ~ 10,2/0, 8004 = 15.4 TEs De 
DAD » tan A,B + 10.204 1300) = 1h 


| Considering the earth as u sphere of radiun 2069 eiles, find the radius r of the 40th parade] 
Of Tatitule, RaGer to Pigs (a) below. 


tn the right triangle OCB, 2OBC + 40° and + 2000, 
‘hn com 208° = CR/CB andr = CB = 2960 com 46? = 3960/0, 7600) = 3090 mite 


Fig.) Probe Pie (by Prob 10 Pig(e) Prob. a 


10. Pind the perineter of = regular octagon inscribed in a circle of radios 160 feet, 


In Fig. (b) above, t40 consecutive vertices A and ff of the octagon are Jaime ta the center 
0 of the chrcte, The triangle O48 1s Isosceies with equal sides 150 and C408 ~ 260°/2 = 45°. 
‘Ae in Problem 8, we bisect AO to form the Fight triangle MB. 


‘Than Mb = C8 sim MOB = 150 sin 2P30' ~ 1500.2827) = 57-4, andthe perineter of 
the cotavon is 16MB = 16(87-8) = O18 ft, 


un. 


‘To find the whith of « river, surveyor set ap hi transit at Con one bank and sighted 0 
‘ross to a point Bon the opposite bask. then turaine through an angle af 90°, he 181d oCf 
tance CA'» 225 ft, Finally, setting the trassit al A, be measured 2 CAB ax 48°20". Find the 
width of the river. 


(we Pine) above, In the Fight teianele ACB, 
C= AC tam ZCAN = 325 tan azo! = zas(heazmT = 25 ft. 


e 


ured sas feet 
uraed trough an angle af Wo? at C 
sod ran a Hine Cl Tf 8 in on AD, bow 
fer must he aensure fron C to reach BY 
Ca = AC tan 51°18" 
© Asa5(1.3407) = tone ft 


x0 ‘TABLES OF TRIGONOMETRIC FUNCTIONS 


18. Prom a paint A on level ground, the angles of elevation of the top P and botton fof a flag 
pole aituated on the top of m Bill are measured ax 47°54" and a0°4s', Pind the beight of the 
TILL Af fhe heteht Of the flagpole is 115.5 ft, See Pie. (a) below, 


et te Line of the pote meet the Rorizumtal through A tn C. 
1 the rishe triangle ACD, AC * DC cot ¢7's4' = ass + CW\O-9086)- 
tw riaht triangle ACB, AC = AG cot a0P4s" = WC(L2034). 

‘Then 118.9 + BC) 0.908) + BCC 3034) 


» 
a5 
Be 
By 
Pid) Prob. 13 in (ey Prot 14 


1A, from the top of a Highthoue, 179 ft above the mater, the angle of depression of x boat doe 
‘south ts 12950". Caloalate the speed of the boat if, after it sotes due west for two minutes, 
{he ancle of depression ts 18°20". 


1m Pie. (e) above, AD is the Llghttouse, € Is the position uf the bout when due south of 
the Tighthnae, aad 8 is the position teo winates Tater. 


Inthe right triangle CAD, AC = AD cot ZACD = 175 cot 46°50" = 17H(2.HM10) = 513, 
1a the right triangle BAD, AB ~ AD cot ZAMD » 175 cot 14°20" = 175(3,9196) = 61S. 
1m the right triangte ABC, BC > Mam — OF « (605)? ot 

The tont travels 454 ft Um 2 ala Uta apeed Us 227 FU/ato, 


15, Vind the utara triganmteie fctions of gach of the tottering ate 
amar. 6) 32a", 8 ad) Bas. 
Ans. sine conine tangent cotangent aveant contest 
4) Wey! 0.5230 o.0468 0 a4ot 2.040 Loser 3.1087 
ee ee ee ee 


©) sea 
4) wes! 0.0040 0.1790 5.5308 


OSI 0.500 1.0085 0.8152L.B0ee LIME 
son set 1.0182 


SOLUTION OF RIGHT TRIANGLES 31 


16. Pind (acute) anete A, given: 
sin A= O,sna1 Ans, A > 35° 2! 
O) sin A = 0.0468 A= 71°33 
fe) ain A = 0.3510 

sin A » 0.8000 


4 
4 
tnd oom 4 
J) tan As tes A 
by tan A= o.sm0 4 
WtnAs atm A 
4 

i) 

4 

‘ 


4) me As tott01 
Mee As tate 
Dee As 1e28t8 
1) ote A se 


YT, Solve each of the right rianeles ABC, eiven: 


Asam, er nw 
6) Bae, = 5 
A= mem, c= mee 

e=.s 

be ane 


baw 
tom 
oo 


I Pind the base and altitute of an isosceles trisnele whose vertical angle is 65° and shove 
‘qual siden ure 413 ft, Anes Bane = 446 fat itude © 380 ft 

19, The bave of an isoncelen trinnel Us 15.00 In. and the Base angles arw 94°28", Pind the equal 
‘iden andthe altitude, Anes “Side » 13.68 in, it itoie © 11.13 An 


20. The radios of u circle is 21.4 ft, Pied a) Ube length of the chord subtended ty « central ane 
‘lo of 10°40" ant b) the distances 
‘ubtonded hy central angten 11840" and 52°20". Ane. «) 35.2 {4 0) 
21, ow that tho ase b of an ssmiceins Crtanete whose equal aides are w and who ve 
fe tn @ ts eiven by b= 28 nin 48 


22 ow that the perimeter P of « regular polyece of m sides Imeribed in a clecln of radius r 
An elven ty P > Sv sin (180%/n). 


28, A shoei, 5 ft in dinate, rolls up an incline of 18°20'. What isthe beieht of tbe center of 
the wheel above the tose of the Lnchine when the wheel has rulied 5 ft up the incline? 
Ane. 2.95 f0 

‘4, A mall Jo 15 £0 high and 10 £4 from 4 house, Find the lenethot the shortest ladder which wit] 
Just touch the top of the wall and reach « wintow 30.5 ft above the ground. any. 42.5 ft 


CHAPTER 5 


Practical Applications 


‘TE WHARING OF A POINT 8 FROM A POINT A, un & horizontal plane, is usually defined 
fas the anele (always acute) made hy the half-Line draxn from A through with 
tho north-south Line through A. The bearing is then read from the north oF 
auth Line tonard the east or west. Por example, 


NAM 


wearin: NOE e398 sae xostw 
Pin seh 


In aeronautics the bearing of B fros A is sore often given as the angle 
‘made by the half-Line AB with the north Line through 4, scasured clockwise 
fro the north (i.e., from the sorth around through the east). For example, 


LRA 


ar ae use ar mse 
Fie a8 


VECTORS. Any physical quantity, ax force oF velocity, which y 
Thus both magnitude and direction 1s called a vector 
qumtity. Axe 
irected Line a 
ilérection of the vector ls that of the given quantity 
‘ani’ the Tength of the vector is proportional to the 
‘Suxniluds of the quantity, ay 


EXAWPUR 1. An airplane is traveling N40°E at 200 4 5 
saph. Its volocity in represented hy the vector AB of 


Pig.5-C. eee 


PRACTICAL APPLICATIONS u 


EXAMPLE 2. A motor boat having the speed 12 mph in still water is headed 
directly across a river shase current is 4 sph. In Fig.5-D below, the vector 
€ represents the velocity of the current and the yector AB represents, to 
tthe sane scale, the velocity of the boat in still water. Thus, vector AB is 
‘three tines as’ long as vector CD. 


foe 
i 
| 


EXAWPLE 3. In Pig.5-E above, vector AB represents a force of 20 Ib making, 
fan angle of 35° with the positive direction am the x-axis and vector CD re 
Fesents a force of 30 Ib ut 150° with the positive direction on the x-axis. 
Both vectors are drawn to the sam scale. 


Two vectors are said to be equal if they have the suse eagnitude and di- 
rection. A vector has no fixed position in a plane and my te moved about in 
the plane provided only that its magnitude and direction are not chanced. 


VECTOR ADDITION. The resultant or vector sum of a number of vectors, all in the 
Sune plane, is that vector in the plane which would produce the sane effect 
‘5 that produced by all of the original vectors acting together. 

If two vectors « and 8 have the same direction, their resultant 1s a vec~ 
tor ® whose sagnitute is equal to the sun of the mgnitudes of the two yec~ 
tors aid whose direction is that of the two vectors. Sev Pis.5-F(a). 

If two vectors have oppasite directions, their resultant is a vector 
whose magnitude is the difference (greater magnitude — smaller magnitule) of 
the munitudes of the two vectors and whose direction 1s that of the vector 
of greater eugnitude. See Pig.5-P(D). 


—a- eames 
SSS dg 
eg. ae 
neo 


In al] other cases, the mugnitude and direction of the resultant of two 

vectors 1s obtained ly efther of the following two sethods. 

1) PARALLELOGRAN wETHOD. Place the tail ends of both vectors at any point 
in their plane and coeplete the parallelogram haying these vectors as ad- 
Jacent sides. ‘The directed diagonal issuing froe O 1s the resultant or 
‘vector sum of the two given vectors. Thus, in Pig.5-G(b) beloe, the vec+ 
tor R is the resultant of the yectors a and E of Pig.5-G(a). 


2) TRIANGLE METHOD. Choose one of the vectors and label its tail end as 0. 


# PRACTICAL APPLICATIONS 


Place the tail end of the other vector at the arrow end of the first, The 
The resultant 1s then the Line segment closine the triangle and directed 
from 0, ‘Thus, in Pig.S-G(c) and 5-G(d) below, R is the resultant of the 
vectors « and 8. 


w 


‘Trinale Wetbod 
re 5 


ExAWPLR 4. Tho resultant & of the two vectors of Example 2 represents the 
peed and direction 48 which the but travels. Fig. 5-H(a) illustrates the 
parallelogram method; Pig. 5-l(b) and S-N(c) illustrate the triangle method. 


> 


Pies 


‘The menitude of R = /(12FFE = 12.6 mph. 

From Pig. 5-H(a) oF 5-1(5), tan 6 = 4/12 ~ 0.3933 and 9 = 19°90", 

‘Thus, the boat soves down stream in a line making an angle 8 = 18°30! with 
the direction Ia which it Is headed or making an angle 90°—@ = 71°30! with 
the bank of the river. 


[THE COMPONENT OF A VECTIR 2 along 2 Line L is the perpendicular projection of the 
‘wector a on L. Tt ts often very wseful to resolve 
a vector Into two components along a pair of per= 
pendicular Lines. 


EXAWLE 5. In each of Pig. 5-H(a).(B).(c) the 
components of Rare 1) 4 mph in the direction of 
tho current and 3) 12 ph in the direction perpen- 
dicular to the current. 

BXAWLR 6. In tho adjoining Pig. 5-1, the force 
F hus horizontal conponent Fy = F cos 30° and ver~ 
teal component Fy = F win 30°, Note that F is the 
vector num OF renbitant of F, and F, Phe ser 


ATR NAVIGATION. The heading of an airplane le the direction (determined fros a com 
‘buss reading) in which the airplane is pointed. The heading 48 measured clock 
ine from the north. 

‘The airspeed (determined frum a reading of the airspeed indicator) is the 
speed of the airplane In still air. 

‘The track (or course) of an airplane is the direction in which it moves. 
relative to the ground, ‘The track 15 measured clockwise from the north, 


PRACTICAL APPLICATIONS 35 


‘The groimdepeed is the speed of the airplane relative to the ground, 
The drift angle (or wind correction angle) is the difference (positive) be= 
tween the heading and the track. 


In Pig.S-J below: OW is the true porth Line through 0, 
ROA 1s the head ine 
04 = the airspeed 
AN in the true north Tine through A, 
(AAW is the wind angle, seaiured clockwise from north Line, 
‘AB = the wind seed 
2n08 nthe tra 
08 = the ¢roundspoed 
<AO8 in the drift angle. 


Note that there are three vectors involved: G4 representing the airspeed 
fand heading, AB representing the direction and speed of the wind, and 0B Tep- 
Fesenting the groundspeed and track. The groundspeed vector is the resultant 
of the airspeed vector and the wind vector. 


Exqure 7, Pig.5-K illustrates an airplane flying at 240 mph on a heading 
of 60° when the wind 1s 30 mph froa 330°. 


In constructing the figure put in the airspeed vector at © and then follow 
through (note the directions of the arrows) with the wind vector, and close 
the triangle, Note further that the groundspeed vector does not follow through 
from the wind vector. 


In tho resulting triangle: Groundspoed « /(240)" + (30)* = 242 mph. 
Tan @ = 30/240 = 0.1250 and 6 = 7°10", 
Track © @" + 6 © 7°10". 


Fie Sox 


36 PRACTICAL APPLICATIONS 


SOLVED PROBLEMS 


1. A potur tout over in the ditecion AW? ford rac mb *, 
for far hort and ow far east does 1 travel? 
* suse the toat Jouve A. Gene te sorth-seuth Tine throush 
‘Ay Sean the halfeliae A) 0th the bearing ot fron A in 
Pe Ov AD teats such that AK = 312) "60 wiles. Throw 
I paon'« line gorpndicuar to the Lime AAS, seeing It tu fo 
Inthe rusht tlanele i, 
Ac = A C08 A = econ a = 60.760) = 4590 
iA 4 a 
CAB sw = eosin WP + eoraceany = 38.8. 
‘heat trael 4 shes rth a 39 ees mate 5 
2. Teen ship aw sitated ws flloms: As 285 ales due 
furth of Cy aol B te 395 alley doe east of CMa 
the hearing a} of Bften A, bof fron BY 4 . 
In the elt teimaete AC, 
x] 
tan GoM» 75/205 = 1.60et ant CAL > es - 
c 


a) Toe bearing of B true A angle SAB) J8 39°! E- [ =o 
4) Me bearing oF A toe 8 (anate NBA) is 5d" 5 


4. Three ships are situated as follows: 4 1s 225 niles west af while 
1, doe south of Cy bears S25°10" fron & a) How far 40 B from 
41) Mon far 1s'B trom C2 c) Wat Is the tearing of A ron 5? 


Pron the figure, ZS4B « 25°10" aed ZBAC = 6£°s0'. Then 
AB = AC soe £RMC ~ 225 sec Oso! = z25(2.3815) = 520.1 oF 
A» ACJoos 2BMc = 28/cos at?50' ~ 2=5/0.4253 = 520.0 and 
(OB = AC; tam BAC «225 tan o4?50' » 225(2.1265) + 478.9, 


9) H 18 529 wilen from Ay by B bs aT@ miles trom, 
©) Sinen ZA » 25°10", the bearing of A fraeB is 26°10" W. 


‘hip K snl an tharrvation tower T ate ohnarved. in 
[ie dae east, One Boar Later tbe wrecked ship and the 
tower fave bearinas 4°40" R and 80" R. Pind Ay 
th intance betwen the etocked abip aed the tower. 


4. rom a boat ssitine due north at 16.5 mph, 4 erected ” 
+ 
If 


ye | 
clini ta orto to ne 
ican 


In the figure, 
the tant, the 
ine. Ob hour later the Bowe as at A, 1 
north of C. To the right telangle ACK, 

Ck + 16.5 tun aio! = 16.5(0.0026). c 


tn the rie telaale ACT, | 
3 


OF = 16.8 ta0 65°10! 
Twn ATCT = ck = 


PRACTICAL APPLICATIONS 


5 A-sbip t= selling due east stem Light (s observed tearing WO2"|0"E. After the ship mas 
traveled 2250 ft, the Tieht bears mag'2S"E, TF the course is cult itucd, tow clone wil the 
sip approach the Tight? 


1s Plgs(a) below, L ts the position of the Light, A is tbe first position wf the shiny H te 
the second positon, and C As the pomiticn when twarest by 


Tn the rleht triangle ACL, AC = CL cot LEAL = CL cot 2%0" ~ temtw0 CL 
In the right trianabe BCL, BC = CL cot £EBL = Ch ewt 42a! © Let2mCL. 


Since AG “HC + 2380, LmowOCL = 1. AECL + 2290, amd Ch 


Pla.(e) Prob. Flesch) Prot 6 


6. efor to Pie. (b) above. A boty at O is being acted upon by two forces, ane of 150 Ib) due north 
‘And the ober of 300 Ib che east, Find the munttane ant direction of tin resultant, 


In the right trianate coc, oc ~ (emai oat ~ Jima casas - 20 1, 
tam £BIC = 159/200 = 0.7500 and BC ~ 36°50", 
‘The magnitude of the resultant force is 359 1b and its direction {= N50°I0°F 


Mu airplane ts sovine horizontatly at 340 mph shen = bullet 36 shot with speed 2730 ft/seo at 
‘ight angles to the path of the airplane, Pind the resultant speed ant direction of the bet, 


2003200) 
1 apeod of the airplane tn 240 afar ~ 228200) serne «352 sti nee, 
™ plane tm 240 a aw) oa 


In the figure, the vectve AB represents the velocity of Ue sieplasn, the welue AC & 
rs the IMLEAML Yolocity of Uhe bullet, ant the vector AD ropronenta tie Fenultant ¥eloCIt) 
‘the bute 


1m the riant trianete aco, ap = (asa = may? = 2770 tu/ec, 


tan ZOAD = 352/7080 = 0.1290 and CAD» 7°20", 


‘Thus, the baliet travels at 2770 fk/sec along 4 path mbing an ancte of s7%40! with the 


mth of the airslaor, 


rT PRACTICAL APPLICATIONS 


R.A river flow duc south at 125 fe/nin, & sotor beat, ovine at 475 ft/min in stil water, te 
ead dae east acrons the river. =) Pind the direction in-ebich the boat moves and ite med 
By in wie 


oor to Pies (o)s tm right trianete dt, Of = < an, 
tn 8 = 125/675 = 0.2652 and 6 = 140" 

‘Thos the Hout moves at 491 ft/min In the direction § 78°20 E. 

(6) meer to Piga(b)> te right triasete OMS, sin 6 = 128/475 = 0.2552 and 6 = 15% 

‘Thus the boat mast be headed 74°40" and Hts speed in that direction i 


cs = foes = (aP = asost/nin. 


9. A tetesraph pote 1s tept vertical by = guy wire ahich 
fakes un ancle of 2° with the pole and thick exert 
{pull of F = 200 1b on the top. Pind the horizontal 

if vertical cumponeots Fy and F, of the pull Fe 


= 


Fy = moo sin 23" = mpoco.azae) = ut 


Fy = $00 cor 25° = 300(0-s0e3) ~ 272 18 7, 


10. A wan yulls « rope attached 10 a sled with « force of 100 1b, The rope makes an anel® Of 27° 
‘Uh the ground, 1) Pind the effective pult tending tw me te ed along the ground nd the 
ffective pull tenting to Litt the sled vertically. 6) Find the foree wich the sai ma eh 
tert in ordor that the effective force Landing to move the sled alone the around Is 100 1b, 


eapectively, Toes F, se the force tending to nove the sled along he 
round and'F,\ 1m the! force tending to 1Uft the ed. 


F = 100 stn 2P = s00,0.4s40) = 45 1%, 
by Te Pie.(e), the borizontal comomeat of the required force Fis A, = 300 1h, Then 
F = woo/cor 2? = s00/0.go10 = 112 16, 


Ay = 100 com 27 + 1004 


10) = wo 


PRACTICAL APPLICATIONS 9 


Ul, A block weighing W = S00 Th reste on ramp isctined 29° with the torizuntal, 2) Find the 
force tending to wove the Stock down the ramp and the force ofthe bleck on the ramp. 6) what 
Iiniaun foree must be applied to teep the block fron sliding dom the ramp? Neglect friction, 


4) Refer to Fisa(f) below, Resolve the weight # of the block into components Fy ant Fy, r= 
Spectively parsitel and perpendicular tu the ramp. F, is the force tending to nove th block 
‘don tho ramp and Fy is the force of the block on tbe ram. 


Py =F nim 2 = 900(0.4eny = 242 1b, Fy © H cus SIP + 90008748) © 437 I. 
6) 2M 1 ay the ean, 


aN 
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IA. me houding of an airplane Js 75° and the airspeed ts 290 aph. Find the eroundspood and track 
fs there J wind of 40 sph fra 168°. Refer to Figg) above, 


Construction. Put Jn the atrapeed vector fran 0, follow throu with the wind vector, and 
close the trisagle. 


Solution. croundspeed - (ano 


AQ. The airspeed of an atrylane 1s 200 apb, There is a wind of 30 mph frun 270°. Find the bwad= 
‘ng and erountapeed i order fo track OP. Refer to Fig.(A) tel 


Construction. The srouutspeed vector Js along (iN. Lay off the wind veetor tran 0, follow 
through vith the alrspeed vector (200 units frae the bead of the wind vector toa polat a 
(ON), aot clone tbe triangle. 


Solution, Gromdspeed = /(2007 = 1307? + 198 seh, 
8 + 30/200 * 0.1500 aed @ > #40". and beading » sea? — 0 551°0!, 


40 PHACTICAL APPLICATIONS 


Constraction. Lay off the groumdspeed vector from O, putin the wind vector at O 6a that 
1 does not follow through to the erounisperd vector, and close the (riangl 


‘Solution, Airspeed = (25077 + (35/7 ~ 252 hy 
tan 8 + 25/280 © 0.1900 and B= a, and Beading = 50? — af = 42", 


SUPPLEMENTARY PROBLEMS 


15 An airplane F1len 100 sion Je the direction s 36°%D' FE, ow far south and bow far mat of 
the starting paint Mk HEY" Anes T8s6 wi south, 61.8 mh east 


16 A plane As headed dor east with airspeed 240 mph. If. wind at 40 mph from tho north Aa blow 
Ing, Thal the ervuntapen aid (rack, Anis Groumdspeed, 243 ep track, 00°30" oF & 60°90"E 


17. A boty in wcted upon ty a force of 75 18, due wat, and 4 force of 128.10, de nortly Find 
the mignituse and direction of the resultant force, Ane. 146 1b, ¥ 31°Q" © 


4a rection 36°25 With the hort 


1, Pint the rectaneutar components uf & force of $28.0 
font, Anes 4113 1b, 3262 Ie 


19. An ator heads his airplane der west, Be {Sods Uhat doe toa wind from the south, the course 
ates an aogle of 20° vith the brading. If his atrepeed is 190 aph, shat 45 Ms grounded 
ud hat 16 the speed of the wind? ne. Gromndspsed, 106 meh; wi0d, 26 mph 


dn alrplase 1s beaded west ahtle © 4) nile wint fs Blowing from the south, What x the mec= 
‘tary airsperd to follow 2 course N72 6 and what iz the eroundepred? 
dns. Airspeed, 21 woh; areunarsceé, 120 =o 


"1. A bargr ts teing toned north at the rave 16 mph. Amun walks across the deck froa west to east 
Be the vate 6 fh/sec, Pind the mgnttote and direction af the actual relocits. 
dns. 27 ft/20c, NIES0" E 


2D. A-ship at A te to sail to C, 56 ai north nod 256 at east of A. After sailing N 25°10! for 
ap ni to Py the ship ks beaded toward C. Pind the distance of P fan © an Be required 
feourse to reach Cy Ans, 214 wiles, 75°40" E 


23. A suy wire 7 ft Long rune from the top uf & teleghoor pole 56% heh ta the ground apd gulls 
‘on the pole with a foeco of 290 18, What tx (he horizontal pull on the top af Ehe pole? 
Ans 202 Te 


24. A weight of 30 Ih 1s plncod oa a saooth plage inclined at an anele of 36° sith te boriaon- 
al and tld tn place ty a rope parallel to the surface and Tartened Co a jog 3n the ple, 
lithe bull oe the string, Ane, 123 Ub 


2. A on wists to raise 6 300 Hh weight Lo the top of & wall 20 TE Meh ty drageine {tap 
chine. Wat tm the length of the sBortest inLined plane be can oe Af his pulling stYeagth 
ino iup dna a3 fe 


2. A 180 Ib abel ts dragged wo a runway inetioed 40° to the torizontel. Find «) the Tore of 
he shel) ouninst he runway and 6) the force requited to drag the abel, 
nee 8) 11h 10, by 6 1b 


CHAPTER 6 


Logarithms 


‘MEE COMMON LOCARITIM of & Elven positive muabor H (written, Log M) is the exponent 
‘of the power of 10 which will produce the given nusber. For example 


Jog 1= 0 since 10° «1, Loe 100 = 2 since 10" = 100, 
Jog 10 = 1 since 10' = 10, Lox 0,001 = -3 mince 10° = 0.001, 
white log P= p if 10F =P. 


PUNDAMENTAL LAWS OP LOGARITHNS. 
1, The logaritha of a product of two or sore positive nunbers is equal to 
the sum of the logarithes of the several musbers, i.e., 


toe 0 = Las P+ Toe. 
log Roe = log F + 10g 0 + Log Fy et, 
TL The lowes, tn cote of troponin mire ix eit te 
Tet fe iss nate the Tit of the Givin ie 
toe! - tos P= toe 0. 
THT, The lms ithe of + soer of pnitve subnet the loeait 
3F th noe suiipied ye epment of te poe Her 
Joe (P") = 7 log PL 


IV, The logarithm of a root of a positive nuaber is equal to the logarithm 
of the nimber divided ly the index of the root, t.e., 


toe IF 


For proofs of these laws see Problea 1. 


‘The logarithm of an expression involving two or more of the operations in 
laws I-1V is obtained by combining the results of the several laws, ¢.€., 


L ioe 


toe 22 = tog (P-0) = toe # = Log P+ 1 @ = Joe. 


For other examples see Probless 2-4. 


‘TE COMMON LOGARITIM of @ positive ouster (0... 1oe 300 = 2.47712 and log 0.2 = 
9.20103-10) consists of two parts: an integral part called the characteristic, 
fand a pure decimal part called the mantissa. 


Prom Problons 3 and 4 it is seen that the characteristic depends only upon 
the position of the decimal point in the nusber. For example, 


log 2 = 0.20103 and Log 200 = 2.30103, 
Jog 25 = 1.39791 and og 2.5 = 0.29791. 
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a LOGARITHMS 


‘The characteristic of the common logarith= of any musber greater than 1 is 
one less than the number of digits to the left of the decimal point in the 
weiven number. 

‘The characteristic of the comon logariths of any positive number smller 
than 7 1s obtained hy subtracting the number of zeros inmediately following 
the deciml point foe’ and affixing -10. Thus the characteristic of the 
common Logarithm of 0-2 18 9-10, Of O.04 Is 8 ~10, of 0.0005 18 6-10. 

(See also Problem 5.) 

‘The mantissa of the common logaritha of a positive nuaber 48 usually a 
continuous decimal. ALL references here are toa table giving the suntismn 
to five decimal places. 


‘TO PIN) THE LOGARITION OF A GIVEN POSITIVE MAR: 
4) Write down the characteristic in accordance with the above rules. 
by) When the given number contains four or fewer significant digits, read the 
‘muutlasa from the table. 
BXAWPLE 1. Pind Jos 22:86, 
‘he characteristic Js ly To find the aunties locate the entry 31657 tn the tow 
opposite 325 and the column beaded 6, Then Loe 73.86 = 151657. 
EXAWPLE 2. Find toe 5.25. 
“Wwe characteristic in 0. Stace 5.25 - 5.250, ee find the muntiass hy locating the 
entry 73016 48 the row opeosite 525 and the column headed 0. Thea) 10g 5-35» 07016. 


‘}vWjen the given number contains five digits, interpolate using the method 
of proportional parts. 


EXAWPLE 3. Pied tor os4.s2- 
"Toe characteristic ie 2. Por the auntisns, we lave 


Tabular diftereace = :00056 
-Betabelar differesce » ,000012 oF Oooot te five declaal places 
mantissa of log 65462 © -BU6IL ~ -00001 » -&1612. 

‘Then Log 654.42 = 3.41613. 
Vote that te essential ealealation nere 


5.240 me2.2 or a16r3. 
(Seu also Problems 6-79 


‘70 FIND TYE NUMBER CORRESPONDING TO A GIVEN COMMON LOGARITHM: 
a) Wien the given mantissa ts found in the table, read off the row number and 
the column heading and then point off using the characteristic rule, The 
resulting nunber Ls called the anrilogarithn (antilog) of the given loga= 
ithe, 
EXAMPLE 4. Antiog 1.88059 » 75.05, 
‘The mot issn . 49085" ls found im the row opposite 738 and the colum Heuded 3, 
‘Since the characteristic Ix L, there are teo digits to the left ofthe decinal point, 
») When the given mntissa is not found in the table, interpolation mist be used. 
EXAMPLE 5. ARtttoe 9.56577-10 ~ 0.367. 
Matinee of Lae 26780 + 86573 ‘otves saat iean 
aot isea of Ine 36000 + 158585 feat smaller mtissa + 
‘Tabular dittereece » -00012 ‘ifterenee = :00004 


LOGARITHMS 8 


correction » 20004. con10) = .oon2s or .oonts to tive decimal placer. 


Then anttog 9.56877 10» 


30790 + .00808 = 6.36703. 
0 


Note that the essontia) operation tere is $5 


saa ora 
(See also Problem 8.) 


TM COLAGALIMON of 8 positive duster A (arin, culog A) Is the logget of sts 
reciprocal }. thin, colog # = tog} = log = log # « log #. 


BXAWPLE 6. Coloe 38.386 » 6.41549 ~10, 
‘ o 
cotoe 38.386 + toe sh + log 1 = lou 28.200 
tout 0909 = 10 
(-) Hoe 36.306 © ants 


Perea} 


Note that cotoe N may be ootained oy sobtractine each digit (starting at the lett) of 

tog N trom 9 except the last significant digit, which ix robtracted free 10, and affine 

‘ne =10 stew N 1s ereater than 1, Por ezample: 

42) lor 3163 ~ 3.50010; color 3163 » «42300 

1) ton 0.0009 = 6.60097 10: eotoe 0.0299 = 1.23002. 
(See also Problems 12-13.) 


‘LOGARITIOES CF TRIGONOMETRIC FUNCTIONS. The table ued hore is a five place table 
Of the logarithms of the trigonometric functions sine, cosine, tangent, and 
cotangent of angles from 0° to 90° al intervals of 1 sinute, 

‘The procedures for usinz such a table are essentially those for the table 
of natural trigenosetric functions. 


BxaMpLe 7 
4) log sin 2" = 9,56 - 10 
6) tog tan Fa" o-e000 
©) tow sin 22x48" = 9.50400 ~ 10 


tog sin 22°34" = 9.3006 - 10 
og stn 238! 5 9.80006 
Tabular ditforesce = "00030 
orreetion =.» tabula 


‘Toe eacentinl operation here Is S9406 + .8(30) > SBMOG + 24 = SB4I0, 


1) tog coe 66°42 


oe com oa43' = 9.51220 - 10 
Inbelar sifference = 30, 


[Correction = 4 » tabular difference = .4(90) = 12 
Subtracting the correction, sitce cosine, log com 6642.4" = 95070810. 
(Seo also Problem 14.) 


” LOGARITHMS 


BxAWPLE 8 
(2) TE tog xin A = 9,05107-10, then A= 279m. 
0) TF tow cot A = 0.15262, then A © 35%, 


© TE tog sim 4 > 9.95472=10, thew A = OFT 


oe sin 617 = 9.95470 - 10 oa sin oF = 9.98470 ~ 30 
fog sin O18" + s.954ze — 10 Jon sin A g.pe72 = 1a 


‘bola difteresce 


0008 Daterence » "00008 


correct on Atti the correction, since wine, A © OF°12.3', 


1d) TF toe com A= 9.07060-10, theo A = 1a. 


og cos 1PU + 9.57HR6 19. (next smaller Doeerithay 
“itterence = 2 


Tabular disterence = 
2 


correction + 3a") » .8', subtracting tte correction, since coulon, A © 1743.5! 


9) HF tog tan A» 0.34372, then A= P17. 6" 


tog tan ear? 
‘Tabular dieternnce 


2289, (next smaller toearithay 
2 aitteresce = 18, 


correction» Sa") =a. tating te cormction, sce tnt, 4 @Ps 


A) HE cot A ~ 5.616401, then A= 


Tog cot 73°22" = 9.41629 —10 
Tabular ditferesce = sz: differemce = 11, 


wast. 


4 


correct ion subtracting the correction, ince cotangent, = 78°22. 


(See also Problem 15.) 


aly = 


SOLVED PROBLEMS 


Prove the Lawn of Ioearithes, 
‘eatrietine the 
tet #10" and 0 = 


(+ ty moe Hoesen, 


1 since Pog) = aa%ye" + wh, eee toe = pag > toe P+ tom Oy 


11, since 1/0 + w"/io8 = 10*R3, then toe P/Q + p= 9 = toe? = oe Os 
itt, Since P= 0K 6 10", thew tom P= np =n toe Ps 


AV, Since JF woh = 10 thew 08 «pn toe Ps 


4, txprees the Lowaeithe of the given expressie in terme of the logarithes of the vidual 
Tetters or nusters Inclved, 
mo 
2) toe 22 = tog gsgy = toe US) = Cag P+ toe Q) ~ me H+ toe 5) 
ne 0) = toe US) = Ha » 


= lag P > toe Q~ toe A — ton S. 


LOGARITHMS 8 


ua 


6) to P= toe YP - ton o* + Et0eP - 4 1000 
ma 3 


0) tog BA00 tg a4 2 toe tot = 2 oe 
a 
GE TTR. ct scx « 


tae 108 = 3 ont = fos 28 
0) ER 


toe 


Given Jog 2 * 0.20103 and log 3 = 0.47713, find the Loearttes of 
9.30, 6) 200, 09 25, a) 8, 0) 28, vB Oe 


fv30 + ani0; te 30 + toe to 0 + oar Loman » Serna 
$6) 00 © B+ 10"; toe 200 + Joe 2+ 2 foe 16 = @.30100 + 2.00000 = 2.30103 

€) + w/z"; toe 25 + 2 log 10-7 log 2 = 2.00000 - 0.60206 = 1.29704 

dy 120 = 7-910; Jog 120 + 2 log B+ Log 3+ Low AO = 0.60206 + 0.47712 + 1.00000 » 2.07018 
#) 25 = 10/27; toe 2.5 ~ log 10-2 Ios 2 = 1.00000 - 0.60306 = 0.20704 
vee: tot = Hoe 2 twa) = Hern) + oon 


0a JER ates tol «te Lies - 


2 > o.4so07 
aos + He.arn2) 


J+ aston tae 
2) 0.2, 6) 0.069, ©) 0.5, 4) (0.02). «) VOx006 


0.30103 and toe 3 ~ 0.47712, find the Loparitin af = 


(9) 0.2 = 2/10; tog 0.2 » Joe 2 ~ tog 39 ~ 0.20108 — 1.00000» —1 + 0.30103, 
We stall write this) 6.30103 -10. 


1 0.008 = 2/10 ; toe 0,009 = to. =3 toe 10 = 9+ QaTmD = 74771210 


10.5 = 1/2; Tom 0.5 = Loe 1 — toe 2 = 0.00000 - 0.20102 
‘-tond~10) = 0.20308 = a. e887 10 


(oon) » (aio; tog (0.02)? = 3 Jog 2-8 toe 10 


* «5000010 


©) Horo = HERI: toe V6s006 ~ toe F + toe 3-3 Yee 10) 


(0.20302 + @.¢TT2 - 2.00000) 


«Hosts tn + fonrmis-t) = pause =0 


termine the charactorlatic of the comen Togarithe of each of the follorine numbers: 


oe a ee er 
ame) basen) 0.0026 hy 6.000025 1) o.ooo7zsH. 


‘Tw characters tos are: 
or 90 o9-m 8-H ho -0 
2 bs Ni-w oys-w ot 6-10. 


6 LOGARITHMS 


6, Verify each of the following logarithas, 
4) Joe 98.64 = 1.58704 tog 2.3967 = 0.37201 (ams + 12.6) 
4) Noe 286 = 2.45637 ie 8.725 = 1.94804 
€) tom 0,604 > 9.58006 —10 6) lo 0.44636 = 5.64068 10 
1) to 0.00836 1) tow 0.007258 + 6.85649 10 


T Verdty wach of the following, 


1) low (0.07224 * 0.0006235) = 106 0.07324 + Joe 0,0006235 
S aaeers-10's eToMbH-NO = 18.65959-20 © Ss 48080--10 


1) to (a. 693 + 0.0074388) = Log 8.7693 + Toe 00074200 
0.66 = TsTOORI = 


©) te 4 7/5.384 Yow 34,7 = Loe 5.384 
S schaese = 0.taitt + 0.90047 


4) toe 7210/0.0285. = toe 7218 = toe 0.9008, 
S altssaz = a7io7-10 = 13. msse2-t 


tw ua0) + ee aeae © Kham + tm 
fF) Log (0.4H90)" = 4 log O.4a0s = 4/8. 6a08H~10) ~ aa TSEI—0 = 8.790210 
fo tocsiiea = Pivemnee = Hasan + sara 


fy toe Deane = Ew oss = Hoesusy = oma 


9 toc 5m « Frog ose = Hoerus-t0) = Susman = s.s0r-10 


& verify each of the following. 


1) Anciloe 2.56158 > 368-20 
1) auettoe 8.65002 = 489800 

©) Anion BcB1998-10 = 0,06510, Prom Froblew 7h), 8.7633 + 0.0074288 > 0.06510. 
1) AntLiog 1.43054 > 2.304 (610/16 - 4) 

6) AuLLLog 6.68157-10 ~ 0.049156 (5 10/3 = 6) 

J) Avtilog 4.17068 = 1481413 #10/29 > 4)- Pron Prablen Te), (26-56)" = 1484. 
fa) Antitog 147135 » 20,606 (6 * 10/15 + 4). Prom Problem Te), VAG = 21.00. 


(Calewlate cach of the (olloving wing loesritias, 


DLN > 36.20 « 2. 6T0K + 0.007186 
You 36.28 = 55012 


co) Yon 608 
(0) toe oceaise = 
Woe = 9m 10 
y+ o.er06 


toon = MTS = oan 


(2ersea 1261563 - 10) 


LocaRITHMS 


toy > decane. Tene etn 
Joe ose = seen — 0 
© asenes = 30 
toe ¥ = sams - 10 
i ten 


1 
+ folve Problon 10 wsine coloearities. N= 47.75 « 8.082 ot 
12, folve Problem 10 wsine co eee nee oe 


toe 47.78 = LTO 


toe eek > nee 
(Nolen caer > Chemo = 19 dl eae = a.810m 
oe > koa = 
N+ oosone 
8 eo foe N = tae 472+ Heatoe 8.204 » J color o.ooaert 
=m 
on wr = Lae 
are z foe 8.9 = 
(9) $otoe sam goes 
( Festoe 00am = axe heater 
tog N= 12.25848 - 10, rect ol 
2 en 
8 = miss 


U. Writy each of the fottowine, 


4) log stn 14°25.2" = g.a9777-10 
1) og con 6648 

) lng tan 31°26. 4° 
bow cot 45°54.6" = 8.00620 —10 
12) log stn e201" > 9.9487 —10 
1) Yor con 29°39.7" = 9:96230 —10 
2) oe tan ToPa0.6" = 0.44708 

‘hy oe cot 11°17.2" = 0. wee (e002 — 13 = 66) 


Af. verity each of the fottowine, 
4) log vin A + 9.90000 -10, then A = SP37.6" 


1) oe com 4 thee 4 = 020.6! 
©) Hoe tan A then A= a0 387° 
4) og cot A = 0.0108, then a = 


4) Toe sin A = 9.00172=10, then 4 = aoPtB 
fi Yok con A = 9.55215-10, then 4 = eee 


4) oe tan 4 


hy og cot A + 
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8 LOGARITIMS 


SUPPLEMENTARY PROBLEMS 


16 Pint 
fy toe 211 » 29008 4) toe d2mr46 = 3.03221 
by tow ert ~ 0.06237 1) tee Ovens 71607410 
Yo 0.00406 7 66800-10 .oaTieT > &pne3-10 
1) toe. ERBE 80341 1) tog 34232» 0.33640 
6) tow 32m = 15087 a} Noe Os B8S = 1. ARS 
1 ow 204.76 » 42209 mm oe 28150 © 30200 
1h) toe ZAR © Oc 48807 Oh toe Ba80 = 3. 370N6 
Ny YoU 0.986 = Hs BRSH3-10 p> lee 0.001208 = a.90016-10 
1% Pin: 
42) antitoe 1.09646 = 96.020 1) anton 4.13078 = 12.206 
1) ante 0.8009 = 8.6240 1) anttlog 262521 = 424. 
2) anton Bc62086-10 = 0.081770 fy Seutioe 08646 » 9.0878 
‘hates fcostoe 13.508 1) atttor 9. 61308-10 ~ 0.41019 


= 451.02 5) aot iloe 2-086 = 173.61 
fe) muon 1.22351 = 16.682 
1) asttoe 4.m4033 = 62236 


) aioe 2-636 


Ih) anion aceceae » var. 2 (p) antidog 2.67 = 468.71 
18, vanuate: 
BIOCHIM — geo, 4) BEE aso, oy SEE - ocgaen, a) et. 0.0088mN8) ~ 2.6100 
360 Sik3 6 


© oro 


«nat Tamra | , 
1) Visavacaee.76) 


(96.297) 0a 


19, Pina 
44) Loe sim sx°18" = 2. 00405-10 1) tog sin Pisa" = .97ust-10 
4b) og cos Pan" = 9, 97730-10 7) tox com 2° 9.2" + 9.972s6-10 
2) Log tan «247° = Se noeae-t0 By og tan pePazea! = Caager 
‘4 oe ent wa 14" + Scen1a0-10 1) tow cot 4.2" asséoria 
#) ton sin 15.6 > 997006-10 ) Yow ain 32°15.0" = 9.579-10 
1) Yom com Wa" = 9.72013-00 fh Loe Com G6? 12e4" = 9,60634-10 
fn) Hoe tna 670.3" > 0.37206 oe tan A498" © 9.308310 


4h) Yoe cot TePGca" > yeanite-te 


20, Pin weute anal 4, whee 


a » 4» 8.0m099-10, 
oT 1h ng con A> 078830610, 
a 45 toe tan A= Oconee, 
oe cat A 
1) Tae nin A» 
Pr ow com A 


1 oe tan A © pcs3002-105 
fy tog ent A © Octave, 


CHAPTER 7 


Logarithmic Solution of Right Triangles 


ANY RIGHT TRIANGLE my be solved and partially checked ly using the trigonometric 
functions site, cosine, and either tangent or cotangent of ane of the wcute 
ingles, together with the angle relation A+ # =". To general, a better 
‘check is obtained ty using the relation et» 9 + 0? 


EXAWPLE. Suppose the sides « and of the right tri- # 
langle ABC are given, 


1) To find angle A, use tan A» a/b; then B= 90° — A. 
2) To find side c, we © = a/sin A. 
3) To chock, wie a = c¥ bY = (e-b)(e +b) 

or BE ct at = (e-ay(e sa). 


SOLVED PROBLEMS 


e+ aja 
Joes = Lat er evet tee (et) 
(vlog aie A= sipoeea-10 | b> atemm(ejlae (esb) 
fog tan A = Ocin116 a ee 2 lee a = 39m 
A= 5 a5,2° e+ east ea Jog a = 1.60683 
ore 
8 
Lue J 
Place) Prob, (0) Prot 2 


2 solve ant check the right triangle ABC, «ten 
B= WA» 2906.4", 


2.06 and A= oA23.6°, Be Pie (6) Mbove 


bs a/tana es wind feeb) 
Toe « = 2.73008 toe « = 2.72038 og (e-by = 2.5448 
(tow tan A = 0.31042 (ploe sim A= wegesii-ia BS 36607 (op log (ook) = 3.95128 
toe 6 » 35055 loge = ERT be Suge 2 lon a » 5.80076 

b= 00.6 e-eun eee: og a + 2.75038 


9 
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4. Solve and check the Fight telanete ABC, Elven b= 563.62 and c = 704.86, See Fla (c) below, 


cord + he caeek: AF = je -ayie ray 


og 6 » 2.70613, 
(yloe e+ 3.00029 (yor 


5 BG tow (ena) = 2.40808 
50062 (108 (eee) © 2042802 


a= BS oe bs 888007 
Simian 


Jo com A» 85-10 


As ata! £ ow b= 2570008 
noire rae 
4 
me ily bo kh 
fe s E 2H de 
iescey Prob Pied) Prot 


44 solve ao eck eh ri 
42 Pw = a’. 


trlanele ABC. elven © = 94.728 and B > ay 


Wes arco creck: AF > femme rey 
fog © = sezan tog ¢ = 1. eoen2 e735 ton Gay = LT 
(:yioe sin B= S.aRe7-19 (e)log com B= SATII = GRIT (aylon (eva) = 2009006 
log 6 = 150m dee Teo ee SEAM © a lee b= 3.80177 


be see sam THES toe = 8088 


ote thet tate te a cbeok of Jag band mot of be 


Fe Ata beleht of 23.265 f¢ pilot of am airpiace measures the anele of deeresaton of @ Hight at 
how far is he from the Tight? 


tn the 


toe = em 
es sam 
‘The required distance te 


a2 tt. 


A obelL Js tired at an angie af etewation 321 
the Initial horizontal aad vertical velocities, 


sith Anittal velocity a046.e ft/sec, Find 


b 
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ron the Fueure, » = S068, 0 = 32144", ant 


Hee vcore vps eamne a 

oe 6 = 3.44068 og e+ a.4n30 se 
(tou con a = Sout ()log sin 2 aTtL-10 

oe «= aiid te 6, = 20085 A 


2 BT Ya ny 1e4 te/ane 


‘wo forcon of 151-78 tb and 225.00 1b act at right angles, Find the mueniCue of the resultant 
find the ane Which it sakes with the larenr forer. 


(inn the runt rianete ABC, 


tan 4 = CBAC + cyeina 

og ci = 2.40013 fog ch = 2.48113 
(eylog Ae + 2.35972 (yor Sia A = 9.0481 
og tan A = Bazi lee ag = 20s 


A= 38s. ay = 272.05, 


The magnitude of the resultant force tx 272.05 1b and st makes an ance of 2254.2" with the 
lareer force. 


A wont travels 8 25°14.6" & for 55.375 niles ant then ¥ 
{te distance nad bearing from the starting polst? 


"asa" for 94.605 mien, wal te 


1m the Figure, the boat starts at 4, travels to C, and 
thea to Hn the rieht triansle ABC. 


tan ZelR = nc/ae 


oe Be = 3,07600 
(ytow ac = acta 


og tan Zea = 0.29369 toe An = Zan0es 
At» P90 > 109.08 


‘The boat 18 thas 109,64 miles frum the starting point. 
Since ZAM » ZCAB ~ ZCAN « 0°28," 2 4.8 = aN"28,2". 
the required bearing Is 43125 


{In finding the beixnt of an inaccensibie cliff CB, 
tho points A nod 0, 152.75 ft spare, on a plaln doe 
eat of the CLITE are Teeated, Pron D tie ancle of 
‘Mevation of the top of the e1itf is 44°32.4" sad 
from A the unele of elevation Is 2IP18.8°. How Dah 
4 the C1AEF above the plain? 


A solution of & sinilar peoblen (Prabies 18. 
Game 1) made use of the relation 
(ae 
‘ot ZAG ~ cot BE 
{In the solution bere, relation sore suitable for 
ogarithnie computation will be used. 


LOGARITHMIC SOLUTION OF RIGHT TRIANGLES 


{In the figure, DE is perpendicalar to AB. Then 
£08 = £0BA ~ LeRD + (00? ~ AAC) ~ (oP ~ LOC) = ENC ~ LONE + ISB" 


In the rig trance AD, 2 = AD 

Ty the Fabttrionle > AD san ZO 

1h th Fake trans nb cfs Ce 

fe sin come | ap win cac- nin 06 
sin a 


Twn CB» BD win cnc 


og 152.78 » 2.1n306 
(6) toe ate BW tBea! = 9.601510 
(Stow nie aeeazea? © so nase7-t0 
15) cotog nue 181606" © 0.52005 og stn 15°16. 
ine = 2s 
ne 


10. A towee AB stands oc © 8411. Ox Jewel grou at the foot of Ube Rit tx0 points C abd Dy, 200.00 
Fe apart, are lorated tm the sane Vertical plane with AB. Pron C the angles of elevation of 
the Toot and top of the tower are 25°10.2' api 31"4.e° reayectivels, while from D 
LOSS! ae 1792.3" seopectivels, Fld the height af the tower. - 


i 


Fron € op » gerpeeiticular CF to RD and fron B = vervendicular BE to CA extended Lat AB 
fentanded meee CD extended in 0, 
1h tho right Ertanete AER, AB = BB/sin C848, 
1 the Pleht trinnele CEE, EM = CH sin 2ECH 
Tn the Pient trlanele FR, CB = CF 
1h the FIqht trdanate CLP | CF = eD 


kn, cB sin 
Erez 


| Coin One + win 24, 
‘in ZEAD + 6a ZC 


ow 20D = V#92.3', ZEB «LOB = COCA 54.6", CEAK © CONC » S200 = 640.8, 
nt eth = 08s) ~ Zowt: ~~ one - (mt — cece) = 0cn ~ c0bM «PRB. 
Toe 20.00 = 2.20109 
(oy tog atm 172.3" = 9.47906-10 
(Ch toe ain 2546 + s.01360-10 
(=) coloe sin erPaa.e! = 0.02 ioe atm orPan.e! « 
(5) colo sie 13°92.8" = 0.62080 (lee sta HPa2.5! = 
oe AB = Tana 
4p 2a.am fe 


Twn AN = 
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SUPPLEMENTARY PROBLEMS 


Solve and check each of the follovine right trisagles ABC, «iven: 
Mee a5.7a, A> seem Ane. Be S40", b= 3497, © > BRAT 
12 a» 208, A + 55°92 dns, B= 3Or.2', b= 5.2, 6 > ais. 
HB. 6 Stet Bo 50°204 dns. A> a3036.4', f= 062.22, © = 10280 
Me c= 4436, A= seu Ans. B= 340", «= 38.7, b= B00 


15. € + 207.60, A» 2810.2" Ane. Bs 5140.8", 8 = TTT, b= 
16.6 = ereban. B= arose dns. A= AP ie 
Yh = 42420, b+ 58.400 dns, As 28514", Be sP26', © 72.000 


1B a a64.00, 6 = 254.08 dns, A= 50 2n.3", We aPaL7's 0M 


19, A straight road is to te constracted Joining te tome A and 2, If # An located 133.75 alles 
tt the vast and 256,78 wiles to the north of A, find the length and direction of the read 
from A. Ana. 259.53 alles, M P30.8° E 


20, two forces of 241.06 tb ant 323.54 Ib act at right angles. Pind the magnitude of the reqult- 
fit force and the angle which 1 makes with the larger force, dns. 424.97 Ib, 4¥°2.6" 


‘BL. Pind the tase of an isosceles trinagle those vertex angle 16 4g°z7.4" and whoee eausl lees 
re 165-14. nee 138.00 


DE Given s circio of radius 417.12 ft, find the side and area 
4) of a regular inscribed decagon.” Ans. 257-00 Te, SUL.340 ft? 
1b) of a regular circumcribed deengon. Ans. 271.06 ft, $65,300 £2? 


28. civen a cirete of radius 336.48 ft, Tid the side and area 
4) of regular inscribed octagon.” Ansy 257.52 ft, 320,240 {1 
1b) of a regular circimscribed octagon, Ans. 278.74 fC, 375,190 £07 


24, Two points A and D ure in a horizontal Line with the font of 4 tower CH and on oposite widen. 
‘The distance between 4 and D is 505.4 ft, while the angles of elevation of the top Bare 
1s from A and 18°38 Tron D. Let the perpendicular through D Lo the Line Al) greduced meet 
Ht at Ean show that 


CHAPTER 8 


Reduction to Functions of Positive Acute Angles 


CCOTERMINAL, ANGLES. Let 6 be any angle; then 
‘sin(@ + 300%) = 81 
fe0m(8 + 360°) = cos 
tan(@ + 960°) = tan 8 


where n is any positive or negative integer or zero. 
uaples. sin 400° = sin(4o® + 360") = sin 40” 


os R50 = c05(130" ¢ 2-360") = cos 130° 
tan(=1000") = tango - 3+360°) = tan BO” 


PUNCTIONS OP A NEGATIVE ANGLE. Let © be any anle; then 
sin(-a) = - sin 8 cot (-8) 
eos(-8) = cos 8 sec(-8) 
tan(-8) = - tan € ese(-8) 

Sxamples. sin(-50")=—sin 50%, cos(-30°) = cas 30°, tan(-200°)=~ tan 200°. 
For a proof of these relations, see Problem 1. 


cot 
see 
ese 8 


REDUCTION FORMULAS. Lat 8 be any angle; then 


sin(90% — 8) = cos @ sancone + 8) 
0s(90° — 8) a5(90° + 8) 
tan 90° tango + 6) 
cot (90° cot (oo? + 8) 
see(90" sec(9? + 8) = 
ese(00° ese (9o" + 8) 
inc10° ‘simc1s0® + 9) 
os 180° ‘cos (180° 
ftan( 180° tancia0? + 
‘eo (180° cot (180° 

see (180° ssec(80° + 8) 
eve (180° come (100° + 8) 


For proofs of these relations, see Problems 2, 


GENERAL REDUCTION FORMULA. At Celgonametric function of (n-90° + 8), where 6 18 
‘any anelé, ts mumertcally equal 
9) to the'sane function Of 8 if m ts an even integer, 
1) to the corrmponding cofuncLion OF 8 Atm Ls an old intener, 
‘The algebraic sign in each case 1s the same ax the sign of the given function 
for that qusdrant in shich m-90°8 Lies when 8 1s a positive acute angle, 


Por a verification of this formula, see Problem 8 


REDUCTION TO FUNCTIONS OF POSITIVE ACUTE ANGLES 5s 


Bxamples. 

1) sin(1¥0? ~ 6) = sin(2-90° — 8) = sin ® since 150° ts an even sultiple of 
90° und, when @ is positive acute, the terminal side of 180°-8 lies in 
quidrant 11, 

2) com(140? + @) = c08(2:90° + 8) = ~ cas 8 since 180° is an even multiple of 
90° and, when @ is positive acute, the terminal side of 10°*@ Llex in 
‘quidrant 111. 

3) tan(270° 0) = tan(3-90° ~ 8) = cot @ since 270° is an odd multiple of 
90° and, when @ is positive acute, the terminal side of 270°-# lies in 


quadrant TIT. 

4) 08 (270° + 8) od, ultiple of 
99" and, when 27°48 Les in 
‘quadrant 1V. 


SOLVED PROBLEMS 


1, berive formas for the fonctions of 68) ts terme of the functions of 8, 


Im the figures, @ and -@ ure constructed in standard ponition and sumerically equal On 
their reapective terminal sides the points Pex.y) sed PyCsyay) afe located so that OP © Oy. 
Tn mich of the figures Ube two trinagien are couaromt tei'ry"r, 4y>a4 Yu—¥> Then 


coes) = Be -$ + cote 

oh.) wee 8 

ees) = af + =e 
” 


‘those cases in which « function In aot defined, the above relations are also valid 
‘qesrantal anele, This exy be verified ty atkine ave of the fact that -0” ant oF, 


08 nod 2707, =100" and 10°, -2WP ant oo” are coteraimal. 
= sin, stn (90°) = sin an = -1 > ~ sin a0", 
‘cot a?" = 0 =~ cot 2. 
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functions of (96? ~ 8) tn term of tbe fanctions of By | 


2. berive formulas for 1 


Pan 


tn the Figures, @ and 907-8 are constructed in standard position and on their respective 
‘terminal sides the points Pox,y) aod Pylzy 9x) ate located so Ubat OP ~ (Py. 19 each of the 
‘gures the teo triangles are congreeat aed ry. 27 ¥..%-4- Thee 


sina? - 8) cous? 9) = =D = n 


conn? — 8) mo -8) «BE 
tance = 8) eee) he Es wee 


As in the case of the formulas of Problen 1, certain of those relations are without weaning 
we 8 n= guxtruatal antl 


tm term of the fwettone of 8, 


3. Derive Formulas for the Funct ioem of (i0? « 


Puan 


REDUCTION TO FUNCTIONS OF POSITIVE, ACUTE ANGLES 7 


eal 
Pan 


+8 are constructed in standard poottion and on their respective 
points Pos,y) and Py(ay 94) are Hocated so that OP = CP. Th each of the 
the two triangles are cemgrvest and'ryers aye—3. 3408 Then 


sinc 60) Be Es con colin 0) > BE = tan 
conc? + a3 ecto? + 8) HL = Ls cae 
tango? 6) = B= Es et ecw?) 2 = Ds me 
4, berive formtan forthe Copctions of 100" — 9) ta term of the fuactions of 8, 
Since ar =8 = OF 6 (x? — 6 
india = 8) > sin(o? «co? 
Gentine? 6) + cal? to ste, 


5. rive formas for the functions of (160° - 6) in terms of the functions of 8. 
Since IMP +8 = oP + (oo? + 2), 


sin(ta® = 6) = infor? « (oi? 8] = coco? « 8) = ~ 810 8 
‘conta? + 8) = com(ad" (ou? + 8)) = ~ aincni?G) = ~ con 8, ete, 


6. perive formulas for the functions ot (2m =) tn term of the functions of B. 


Biece 210-8 = Ino? + (a0? 
sar? otiam? - 
Conta! = Scclzw — 8) 
tancan? = 6) © tani ‘crelzn? = 8) 


‘2 Derive formutes for the functions of (27° + 8) 4m term of the functions of 
‘ince 2140 = ano? + «oo? 
sina? » @) = 6 


reduction 
for m any 
a8, 


38 REDUCTION TO FUNCTIONS OF POSITIVE ACUTE ANGLES 


9. fapreas each of the fotloning im terme of a femetion of 6 


44) sin 9) a) coment? + 8) 
1) com — ws eh stam? — 6) 
1) sre-8-8) 9) tani 300") 


42) sine = 9) = sing-a0® » 8) sinc-tom? 
‘Het 8 ip pint ve beat 


by con = w0) = comes + 8) = ont 


1) mee — wh) » seco ~ 8) 
som 8 i ponitive heute, tn tara 


4 con(-tmP + 8) » con(-2otd = 8) » = cow 8. 


secs? 


2) ALNG-EW? = 8) » atnary — 8 = con A. 
1 tanh = Ned) + tania +) = tan 8, 
1 sae + 8) = sin, 


hy ener = 


1) tancraa «= tamsesoP + 8 


= tan 
+ tente-Se + 8) = tas 


1) comiet5t? ~ 6) « canis 00? ~ 8) = = 
hy ose c-a00? + 8) + exe(-30-B0? +8) = - exe 8 
1) siat-ot@ = 0) = sin(-s-og? - &) = sin 


© since « 1) com(-aB ~ 8) 
Stance? = 8) hy encom? + 8) 
1) tanga + 8} 1) sini-se? — 8). 


= ~ com 8, the sen Deine meeutiye since, 
ies 


8) = ese 6, the stan being negative since, 


ide of -B-W Len in qundrant 111, 


ndrant 110) 
(cuntrant 1) 
coutrant 1) 
(wadraot 111) 


10. bxpreee each of the follovine in terms of functions of & panitive acute angle Un tg ways: 
9) win 150?) sim ooo) tan 165g) sim gmt?) coc aas® ky con(-5) 
1) fan 225°) cow 210? fee 250° hy cot sa? 93 simccioo) 1) antes). 


1) sin [908 = sin(2-u? — 9%) = stm soe 

ahd? + aOP) = co 4a? 
tancaego® as?) « - tan as? 
an OeWg? + 35°) + — eat 88 
sin a 
‘a — ahh = — ame 


180 670 «sana — 10 oa 
= nincree? + 40") + = ea a 


(ou + aU) = shn aia 


hy 08 me = coketors! « a0) = cot a 
= eoC(HIb? = a?) Na 


or a0 6 


or cot oad + cot(3t 


1) exe MS" = e100 = 39%) « ese as 
2S excioead? « 38") sec sx? 


4) con 210° = cosi4ra0? — 509) = on so 
= ©0589" + 40%) = win 40 
0 tn 15" = tancaeae? ~ 398) 
Stance? 6 35°) 
1) see 0 = seca 0P + ray 
© seeaead? ~ 20%) 


Uae = 2) « — ain a 


+ sae) = cot 21d conrad? + a) = cot a0 


or exe wes" = enc(uss? + 2-207) » ene 15” + caecaead? — 26°) « exe 35° 


a? = oy > — sin a 
0? — is} = — em WP 
= sin 10? « 

ita? < 30) = sin 2a 


or winc-t00") 
or Sin(-ioP) = si 


sino0" — wi) » — sin a 


inc? = ach) =~ sin a 
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1h 00(-8507) = cons-avod® = 40?) = com 40? 
S contr a0? — 50°) © sin So 


or con(-a00?) = con(-aBP + 2-360") = com 4? 

1 tanc-aneP) = tanyo0? = WP) = tan oP 
 tan(S-o0? = 3°) = cot 3 

(tana) » tan(-sa0? ae?) « tan To 


+ Pind he manck values oF the sine, conten, ant caneent ot 
sya, 6) 210", e) aus", oh “128°, 0) —a40%, f) 30. 

call 6, lmayn positive acute, the related angle of # when $ =10i°-8, 10+ 8 or 90° 
‘Town any function Of f be numerically cowl to the same function af 8. The nlgetrale wen in 
‘ach cute Un that of the fwxction in the qaudrant sm ehich the terainal side of ¢ Lies, 


9) 120? = iui? = ao? The related angle 1s ot 130° As a 
sin 130? = ain oo = v9/2, coe UP = — com WP = -1/2, tan I? + ~ tan ad? » V3. 


)) aid? = 6d? + a0P, the related uncle is 29°; 210° ts tn quadrant It . 
in a0? foe 1/2, coe 210" + — con WP = 9/2, tan 210 = tan a0? = V5, 


©) S15? » geo" — 45°. the related asete tg 45°) 215° 8 tn quadrant 1¥, 
Sin ais? = — ein 4s? = —y2/2, con 215° - com a5" = 2/2, tan 31s?» — 


4) day fetion of 135° Ae the sane function of 125° +36" = 2" = ¢. 


P 


sing-aad") = sin eo? = v3/2, conc-2to™) = 
f) My Tuner ion of “339? 8 the same function of 23° ~ 260" = 30° 
sin(-a30°) > sim 30° = 1/2, con(-230%) = cos ag? » ¥5)2, tan(-ans") - tan a0? - 7/3, 


AR. Uatng the table of mature! functions, fiat: 


fa) min x2sthe! = sinqaso - 54°46") = 
0) con nmP4ot = coxtiay® ~ woPan") = 
) tan poPaa" = tana? + a") = 
1) cot ahaa" = cotcaan® + wee") = 
* aS Vea) = 


19, 16 tan 28" = a, td 
tan 138 — tan tus? = tan as? — (newt 2°) =a Va 
Fe tanta? tan tis® "To (= tan avy cot 2)” T 


oy 


gy $90 2089 = tan ts? tan 88 — fe cot 2) | ae ve 
tan HS tan 99 "cat Bo ran) 


U1 Aen ec = 0, then 
a) sin (HC) = wincise? = A) = in A. 
by mtn bo +c) = sin Heim —A) = sina? — $A) ~ con 44. 


5. 


16. 


1. 


18, 


9. 
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‘Stow that 86m 0 and tan 49 bave the same stem, 


12) Seypone 8 = n-1BOP, IE seven (4ncluting zero), say St, then sin(2e- 14g?) = Canard) 
ot, Tow cane shen a te odd Ie eacluied aimee then tan $0 4a not det ined, 

hy Suppose 8 = nimi? ~ 2, abere gc eer. 1m ts even, tnetudting sero, 8 x in qe 
rant T or quadrant If sai sin 6 te panitive white $9 to tn qudrant T or quadrant 11T and 


tan $8 is positive. Tf m Is oad, @ im in quadrant THK of IV and win @ in negative while 
3646 tn quadrant Lt oe TV ant tan 


Find Lt ponttive voluee of B lows than 260° for which sin 8 = ~ $. 


‘There HH be tao angles (see Chapter 2), oor tn the third quadrant sel one in the fourth 
qusrant. Tye related angle (see Problew 11) of each hae ste sion eaual to +f and in 30, 
‘hn the required angles are 8 > 16? + 30? = 210” aed 8s 3a? — a0P = 330, 


Note, To obtain eld values of 8 for whten 4, 244 n-240 to each of the show 
olution; thus 8 = 24g? + mead” and 8 = aag + maou”, where m ts any intener, 


Find all positive values of 8 lea than 36° for which cos 8 = 0.9063. 


‘Tere are tro solutions, ® = 25° ja the first quadrant and 8 = 26° ~ 29° = 334° in the 
Fourth qundrast. 


Find all positive values of £6 leas thas 260°, elven ain 6 » 0.6128, 

‘he two posit ive accion loss than 26 for ehick ain 9 = o.gtae are G = a0? and 6 = 160? — 
0? = iP, But Lf §9 16 to incluse all values Jose than 260°, Gust include all values Lose 
than 4:260° = 1440°.. Irace, for 8 we take the tao angles above and ll caterminal angles 
ese than 1440", that ts, 

=P, soo, sa, a; seo, soo, neo? 120" and 


48+ 1, 100°, aa, 26e?: 26°, 128°, 18%, 308°, 


Pind all positive values of 6 less than 260° which satinfy sin 28 + con $6. 

‘Since cos 58 + sin(so? - $8) - sin 26, 28 = s0°- 46, 450° $8, s10°- 46, 1170?- $8, .... 
an $0 =a a SP, one a 9B TF, B80, HP oe 

Since cor 8 = inn « $6) = an 20, 20. 


The required solutions are: 36°, tn”, 200°: oo", 306°. 


REDUCTION TO FUNCTIONS OF POSITIVE ACUTE ANGLES 


SUPPLEMENTARY PROBLEMS 


20, xpress each of the fottowing Ae terms of Fenct\ims of positive acute angie. 


a) in 195° 6) sin a0") 
1) co 215° 5) con Cre?) 
) tan 440° 1) tan (188°) 
Ans, 0) nin as oF con 3° f) sin 2 or con 70° 
1) con as” or — nin 58° hy con 42 or stn 3 
©) tn 90? or cot 0? 1) tan 85° ar cot 3s 
4 J) cot Wor tan 30 
° by sce as" or = one 5° 
n 1) cae 7S or wee 15° 
Pind te ine, sad tangent of: 
a) 190, ey 300°, 4) <A, e) -210%, f) 218°. 
anes 0) W/2, 3/2. = WS 44, 2 
6) ya, a, 1 U2, - 472, 
a Va NA at 
22 Whine appropriate tables, find 
4) on assist fy tog sin 146.8" » 5. nesne-30 
1) cos toa" ) oe sin ti0P32-7' = o.o714e-10 
©) tan 305°? fh toe sin tease" = 9.47500-10 
sin nee’ 3) tog aia ag?! © 8,82115-10 
©) so 161" 1) tog sia 170°22.7" = 6 99104-10 


23, Pind atl aneles, © < 0-< 2@0°, for wien: 
sy ain 6 + y2/2, 8)con 8 
Ans, 9) 45%, 135° ©) nue. s21°s0' 2) ete, 2a" 
ta? ‘510, s00°50" 


DM. Mon @ Ja a second quadrant angle for which tan 8 «2/9, show chat 


fc) sin 8 -0.61b0, ¢) con® « G.5125, ¢) tan O 


‘noo — 6) = conc? 6) |_| 4, tac + 6) + concuas +8) 


(0? = 8) + otiaan = 8) Via ‘in@zW® — 8) = cot -8) 


CHAPTER 9 
Variations and Graphs of the Trigonometric Funct 


LINE REPRESENTATIONS OF THE TRIGONOMETRIC FUNCTIONS. Let 6 be any given angle in 
Standard position, (See the figures below for’8 in each of the quadrants, ) 
WIUH the Vertex O'as center describe a circle of radius ono unit cutting the 
Initial side O€ of 8 at A, the pasitive y-aris at, and the terminal side of 
at P, Draw HP perpendicular to OX; draw also the tangents to the clrole at 
4 nd & meeting the terainal side of @ or its extension through O An the points 
(0 and R respectively. 


a 


git «woh of the gues, the THEME Urlangles OFF, 40, ant OMF are itary 
sin 9 = r/o = wr ‘cot @ = OM/4r = mi/on = mk 

= on/0P = 8 ‘von = 00/04 = 00 

Tiinvon = 4/0 = 40 ‘ar = F708 = Of 


‘The sowments HP, OM, AQ, etc., are directed Line segments, the mugnitude 
of w function being given by the length of the corresponding segment and the 
‘sign being given by the indicated direction, The directed segaonts 00 atid OR 
fare to be considered positive whea seasured on the terminal side of the angle 
find negative wen measured on the tersin side extended. 


ca 


VARIATIONS AND GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 6 


VARIATIONS OF THE: TRIGOMMETRIC FUNCTIONS. Let P move counterclockwise about the 
Tit cirele, starting at 4, $0 that @ = cxOP varies continuously from 0° to 
260". Using the figures above, 1¢ is seen that (J. = increases, D. » decreases) | 


6 


artim | tent | atteuwt | twtr | sat wot 
ee ee 
ee mre-twe| hime wi 
ines Tesla 
tne | ithe Tint csostire seo 
(tray [wort | Wwra) | ware tol 
pinion | atme | ntminw | time 
cor | seiteratma | ottnat Tine | peities vetee | stort Lint 
ee 
a) foo twit | settee te | site tit | portive ten 
tein [ecueses | tates | tienen 
‘D. from targe J. front | i. from tare 0D, trom 1 
Tare [peste rates | visio Sten: | metres aime | otto 1 
Bicewn | Giese |eneawn! cre- 


(GRAPHS OF THE TRIGONOMETRIC FUNCTIONS. In the following table, values of the angle 
ware given in radians. 


yesine 


bt VARIATIONS AND GRAUHS OF THE TRIGONOMETRIC FUNCTIONS 


Note 1. Since sin (de ee) = can x, the graph of y «co x muy be obtained 
owt ently by whdtting the graph of y= sinx a distance $n to the Lefty 


) = see x, the graph of y = oxo x my be obtalned 
distance x to the right 


Note 2. Sime one (ie 
by ahifting the qraph af y= sec x 


PORIODIC FUNCTIONS. Any function of a variable x, f(x), which repeats tov values 
in definite eeles, ie called periodic. The smilest range of values of x 
which corrosponde to a complete cycle of values of the funct ion is called the 
period of the Tunction, It is eridet from the graphs of the trigonometric 
funetions that the sine, cosine, secant, and cosecant are of period 2n while 
the tangent and cotangent are of period’ x. 


VARIATIONS AND GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 0s 


‘TE GENRRAL SINE CURVE. The amplitude (maximum ordinate) and period (vave loneth) 
Of y= sinx are respectively I and 2s. fur a given value of x, the wilue of 
yeasinn, 220, Ina times the value of y ~ sin. Thus, the amplitude of 
y= asinx'ts a ‘und the period ts 2x. Since when bx=2r, x-25/h, the air 
plitude of y = sin be, b>0, is 1 and the period is 21/b. 


‘The general sine curve (sinusoid) of equation 
yeasin bn, 990, boo, 


aw amplitude » and period 2x/b. Thus the graph of y = 2 sin 2x tue amplitude 
3 and perio 2/2 = x. Figure (a) below exhibits the graph of y > win x and 
yoed Bin de on the same axes 


‘COMPOSITION OF SINE CURVES, More complicated forms of wave motions are obtained by 
Combining two oF more sine curves, The method of adding corresponding ordi~ 
nates 4s I]lustrated in the folloving example. 

RxAwPLe, Construct the graph of y= sinx + 3sin x. Sev Pix. (a) ubovo. 

Pirst the graphs of y= sin aod y, «Jsin2e ary constructed on the same 
‘axe, Then, corresponding toa given value = Qty, the ordinate ay of y= 
Sin k + sin ax ts the n/gebroic nue of tho ordinals Ay of yy» min x Gnd 
ALC, OF yy = sin 2x, Als, AH Ally © AWCys AND © Aly © ALC. Whey 


6 VARINTIONS AND GRAPHS OF THE TRIGONOMETRIC FUNCTIONS: 


SOLVED PROBLEMS 


1. teh the eruuhs af the Followine fr cae save 1encth, 
Wye dane chy ea einge ays acon bs 
eee 


a ote ga any 


pam in 


curve aint them put An the y-auin nd chon th wait on oe 
apt abl pet of each curv, 


y= ln has amptitie © 4 ant verted « 28, 
by oan a 


ute = band ported = 2073, 


Hy 5 je Bas uaptitue « 2 aD period « 28/4 = 4ne 
4) y = 2.¢08 4 hae amplitide + 2 and perio «Zn. Ne the pumitien ot Ube y-atts, 
217 = 1.008 be bas unptitade © 3 ant ported © 4m 
- t 
4 rf 
x = x 
yodaing H 
y 


yo too 


VARIATIONS AND GRAPHS OF THE TRIGONOMETRIC FUNCTIONS “7 


2, construct the eruph of each of the following, 
3s - coe 2 


ahy ring + core oy 


Wye in Be + con aed) y = Bstm ae + Zoom 


“ 


SUPPLEMENTARY PROBLEMS 


‘3 etch the eraph of wich of the Following fur moe wave Leneth: 6) y+ 3 sine, h) y = Ain Bey 


bys 4 aina/a, dyed cons, #) y= 200803. 


4: conbruct the gragh of each of the folowing for doe wave leneth 
ay yesine + Zena yy rnin ae © ot 3 
») yo mtn ae + con ae ayy sin te = coe 
ey ye ings sin Pye ase 2+ 3 con 3 


CHAPTER 10 


Fundamental Relations and Identities 


PUNDAMENTAL. RELATIONS. 


Rootprocal Relat ions Quotient Relations Pythagorean Relations 
ene @ = I/sine tan @ = sin @/eon @ 
woo 8 = ten @ cot # = con 6 


col @ = 1/tane 


‘The above relations bold for every value of # for which the functions in- 
volved are defined, 

‘This, sin’# +cos?@=1 holds for every value of 6 shfie tan = sin 6/608 @ 
holds for all values of € for which tan 8 48 defined, 1.e,, for all @ # n+90" 
Inhore wis odd, NoLe that for the excluded values of 8, cos #0 and sin 8 4'0, 

For proofs of the quotient and Pythagorean relations, see Problems 1,2, The 
reciprocal relations were treated in Chapter 2. (Se also Problems 3-6.) 


SINPLIPICATION OF TRIGONOMETRIC EXPRESSIONS. 1t 15 frequently desirable to trans= 
Tora or reduce a siven expression involving trigonometric functions toa sim- 
pler fora. 


BXAWPGR 1-6) Orme exe 1 con 8 


core esc = coes cot 8, 


and * xin 


fy tine tan 8 > cor tant ~ cost HHO ain, 


EXAMPLE 2, Utne the relation si0?@ + cos" = 


a) nin’ nin @ coPB = «ain?B + cont 


i076, torn fore 48 cavaly useule 
(See Problems 7-0.) 


TTRIGONOMRTRIC IUENTITIES. A relation involving the trigonometric functions whitch 
‘valid for ail values of the angle for shich the functions are defined $s 
culled a trigonosntric identity, The eight fnanental relations above ane 
Urtuonometric identities; 80 also are 


cas 6 cae 8 
‘of Kxample 1 above, 


A trixonometric identity Is verified by transforming one mesber (your chalice) 
into the other. Ih general, one begins with the sare coaplicated side, 


ot 6 abd cus @ tan 6 = ain 8 


“s 


FUNDAMENTAL RELATIONS AND IDENTITIES 


Success In verifying Identities requires: 
a) complete familiarity with the fundasental relations, 
2) complete familiarity with the processes of factoring, aiding fractions, ete, 


) practice. 
(See Problems 10 ~18) 
SOLVED PROBLEMS: 
+ Prove tho autient relations: tan 6» MZ, cote . Se 
con xine 


For any anete 8, 
any point on th ter 


B= y/rs coe B= a/ry tam B= y/ay and cor 8 = 4/y, sere Peasy) tn 
nal side Of 8 at w dietance y from Ube ort 


ten tan 0-222 28 was coe oe? 
2a oe ; 


por et) 
(ats0, cot 0 28, 
ano Tar ain 8 


Pa 


2 Prove the Pythagorean relations: a) sin"@scas"0=1, 4) 1otas@-mec®, cy 1ecot"Oecuct®, 


Fur Pox,y) dened os tn Probes 1, we tare A) 2 oy? = 8 
9) pividing A) by r2, airs + Gir)? =a and atte + casts 


5) pivtdine A) br ets inn? = cree 


Aso, dividing 2u?Gsco78-1 ww coe, 


€) Dividing 4) by 9%, (a/y)? + t= orf? and cote + 


Also, dividing sts7@«coofB <1 by stat 


euch of Uke other fonction: of 8 in terme of sin 


wos = t= sine ant cores ti — aie O, 


3. apres 


vn 0 sine 
0 


tan 8 = + te 


Note that con O = £74 — wantB, writing con BA winTh Lisle aneiy tu Choe dante 
‘ante (FAME med fourth) An shich the eovine Us ponit 


aprons euch of the other functions of O in terme of tan 8. 
seco = 1+ tan'O and mec Gs sfvtety, cmos —t 1 _, 


7 FUNDAMENTAL RELATIONS AND IDENTITIES. 


5, Urine the funtumotal relations, find the values of the Tunctions of 8, given sin 6 = 3/54 


Prow oos?6 > 1-sin'@, cos @ = 1 vin site «2 A— aah = + VIB = + 47m 


or sn 0 and cos @ are toth positive wien @ ts & first quudrunt angle while sin = + and 
con B=" "shon 8 Ue a srcont quadrant anal. The, 


feet quntrant 


wing = 9/3 ot gran 

foe 808 Seo 
ws 

nn 2294 creo « 

tn = BB aig a 


6 Using the Furdamenes) folate, Fibd the yalone of the ape one of B86 tam 
cont ot fourth quadrant angle, 


Siren tan Bs =, 8 


tan <-ayi2 
cot G+ Utang © 19/5 


wee 8 + = Viv eaB = 10/12 


cos Bs eee B= 12/13 
ee 6 = Vis cotS « 1/5 
sin = Yeses = 5/12 


. Perturn the inticated operat ons. 


4) (rin @ — con G)(ain & + cos 6) ~ ais"@ —cs'o 


hy (win As con a?» sinh + 3 stm com A + cos" 


©) (8 + = C08 y)ésIN y ~ cos x) > ta x Sin y— sin x con e's sin ycom yon x con y 


4) anh = cot 4)F = tanta ~ 2 tants cot A + cot 


at 


na 


motor. 
1) aisle = sin 6 0mm 8 > sin A cate @ — com 0) 


sin" con? = ante c1 + coe? 


hy at 


16) bins in 8 nee B= 6 weet 


shy min cont ~ 9160 cont © 


0 8 = (nine come en 


9, Sinotity oneh of the Fotloeine, 


fo) wee B= nc aint = wee (1 =a 


FUNDAMENTAL RELATIONS AND IDENTITIES a 
Wain nec Geo 8 = sing 088 1 
cet ae 
©) min 8 (4 = cot"6) + sin’Bexe"® > sine. 
1) nino we'd — eect = ysink8- tyaect® + —con*@ sects = costa 1 
ome 


#) (in + one OF + (atm 8 con BF + nin» 2 min 6 com 8 + con® + a 


= 2 ain 6 cor @ + cost = ainiehB ream"O) = 2 
1) tanPo cm?8 + cut" wun?» 1 
‘ 
Acer 2 Bia. (1 in) + owe! 
7 vem She ain 8 
5 . Se re ee 
coB(1+ sing) cme (eain®) | cm 8 
erty the followin sdeesttes. 
We sacto ee = eck + ess 
sect + exo’ « 1st : 1s cache sect 
con'S sin’ sin’6 cos’ sin can'@ nin'@.con'd 
AM, seeks sec" = tans - tan? 
tanta stan? = tanks tac’ + or 
sec'9 nec!) = src%B jarc4b 1) = sec"@ tan'o = (1+ tanfentan’s = tan'9 + tats 
Powe te, Lees 
Le Treas’ sine 
hin Locos | sixes ts conn! 
Tr core * sine sina conn) 
utetems 
Tasers)” sine (seona) ” sine 
(=n ni ony, sin 


‘cane (1 + sim 9) cone 


yg. messin | _eee 


+n Troms 
tans * sins -sin sins acorn, 
vin come ails ca eine 

trees | _trems_, 1 men 

Conn sits camast—cmy  Gma(L eens) | Te Ome 


1G, com A oeA 
the A= ate A 


ms A cok A = stn 4 tam 4 
eda med 


ial mea 


_ Gamba Sinica «con sind stot sy 


coma uaa 


comand sinh = 4 6 con A etm A 


1% 


sues cs B= 1 ca8 


sig-1 | ines wom es cody _ sls sin Beard + cw Bat 
cre em 6 in B ome— ward (sin B= coe D . 


=cos'g + sin Seu 8+ cos _ cS ste Bowe G1) _ sin B= coeO4T 
cm ins corS— 1) | cm BeimG seu B— 1) sinB sem B= 9 


qe ebrmeO—t . pees 


tan = are Od 
tan Bs see O—1 | tanO+ se O+ tare we'@ (tan 8 + sec 0)(s = tan — mee) 
tan @ = see 8 Yan O= mee Os 9 Tan 8 ~ sec Bb 

+ tan sane 6 


tan B= sec Os 1, tax? — onc" » tan 0+ moe 8 


tan 8 9 8 = an @ + see 8) 
tan Oe Be seed 


Note, Moo exproseed Um terme of ain 8 ant com 8, this Adeatity Wecoms Chat of Peston 175 


FUNDAMENTAL RELATIONS AND IDENTITIES 7 


SUPPLEMENTARY PROBLEMS 
19, Pind the valors of the triwonoweric fimctions of @, given sin 8 3/3. 


Ane, cond 1 arn AA, 24, SIR 205, 22 
ad 1:29, ~V5)a, a5, ~V5/2, OS, 2 


20, vind the valuon of the trizononctrie functions of 6, elven com 8 = -3/6 


“8/6, - VTV/5, IT, -ws, 04/1. 
V3. 8 Ts -8/8, 40/1 


21y Pind the ynlonn of the trizonometeic functions of 8, elven tan f= 8/4. 


Ane Gund 1: 8H, Ay Br 45, ALE, US 


Gad Hi: 3a, A, 8/4, 5, 0, AS 


‘22, Pied the valium of the tetesnometete etions uf 8, elven cut = = 


Ane. quad: 1/2, ~ V2, ANS, = V3, 203, 2 
ad IVE =1/2, 9/2, 18, — Ae By 2 


sin @ + con = 1088 ion tan» ae 
sec Os cae cot 
Ane, Quad TH: 25; ead TVS 35 


23 Pind the value of 


Verity the folluring idest ities, 


‘SH, ein 6 sec @ = tan & 3. (— sintayaa + tanay or 
B)(1 + see 6) cot 8 = sins mh eats (1 ~ con'ey ~ 
ees we 12284 tant cot A 
roa) HnacoA 
tan? one’s cot?s sin’s = 1 Be sin A coed (tan ds cot Ay = 1 
ote 1 
mae + sine + mc o- ma 
Tein is 
™ £ . L sb ees gs. LoS , EEA). ems - cnc 03” 
Toned” Toned trees weed 
36, tan G ain A + com 8» wwe 37. tan 8 cae B woe @ (1 = 2 con"A) + coh 
ae 0, _ we go SEU sles con 
Tao+eme mor ewre Pores 
40, MEARS. wings come = 1 = sin 8 con 8 
tr cate 
42 cote + HO. cory ste 
Trem ina 


44. (tan x + ta CL cot Cot yh + Heat + cot INKL 
45. (onlay cosh)?» ce com Hs y aun? = at 
46. (2 sin 8 cas BF + r*(eon's —can'B)? =o? 

AT (7 min S cong)? + (7 nin sin oy =r eon = + 


tan etn) = 0 


CHAPTER 11 


Trigonometric Functions of Two Angles 


ADOUTION FoRMHLAS. 
= sin 2 cm 8 + cas a sin a 
+ con a comp — sina sin 
tan 4 
1-tans tan 8 


Por a proof of these forsulas, see Problems 1-3. 


SUBTRACTION PORMLLAS. 
sina—s) = sins cos 8 cosa sin 
cos(a—8) = com a cas 3+ sins sins 

tan 2 ~ tan 6 


fanteaa) = tots = tes 
i 


Por a proof of these formulas, see Problem 4. 


DOUBLE ANGLE FORARLAS. 


= 2cos's 1 


Por a proof of these 


ALE ANGLE PORNELAS. 


‘sin 


Wor a proof of these Torsulas, see Problem 11. 


THIGONOMETRIG FUNCTIONS OF TWO ANGLES 8 


As Prove 1) nina « 8) = sin e 
tnt” 2 carla + 8) = cua cu F-sin a ain? wten a and F are positive acute anton, 


Pp 


‘Wet a and # be positive acute ungies seek that af < UP (Piss) and a+ => 0" (Pie.t), 


‘To construct these figures, place angle a in standard position and then place angle & wath 
‘ta terton at () and with tte isitial aide alone the fermiml side of anele a Unt P be any 
int on the terminal side of angle (@-E\- Draw PA perpentiralar to (il, persenticalar 40 
the terminal side of anche a, BC perpendicular to OR, and AO) perpendicular to A? 


ion ZAP ~ a. since corresponding sites (OM and AP, (6 ant BP) are perpendicular. Then 
sess) - © 
ant conta + B= 


2. show that 1) and 2) of Problew F are valid wen a amd 8 are any anelo 


hack the ormelas for the case a= oP, #0". since 


ina? « 08) = in oP com oP + cm OP in 0? 
and eon? 6 0°} = con O con OP — sing ain 


the Corman are vad for this case, 


First 


e 
" 


Next, it WLLL Be shown tit AF 1) and Z) are valid toe any (my teem angion a ant By the 
formulas ure wiso valid shen, aay, a In increased by MI, tet a and # be Cao anele Tor which 
‘ant 2) bold and cowssder 


4) ina + & + OF) + sings + Oo) com # + eas + a) sin 8 
ant bcos 


{Ny the reduction formulas of Chapter 6, sini 
Vows that sin(a +E 90°) = cence), coa( 


$B wh) = costa + SO) con F — sina + ao) aan 


SP) = cos 8, cos(8 + oo) ~ — sin 8, 1t tole 
Erb?) ~—stn(aet). The a) and b) Fetce to 


7% TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 


) sin F con acon F- sina sin B 


a) costa + &) + coe aco B= 
ant by -sin(a + 8) + — aime coe P= coma sin oe 
ama +8) = sina coe B= con a nine 


icy ty assumption, are wall relations, Thee, «) and b) are valid rotatfonss 


‘Te sam argomat aay be mate to show that AC 1) and 3) are valid for two angten a and 
‘tay are tn eal10 aben fn tneroased by DOP. Thc Ue formulae arv valid wh both & mB 
Bure incronsed by WO. Row any positive anele can be expressed an a maltigte of 9 pin 6, 
‘wre 6 As either OP oF aa acute angle. Thus, ty {unite musber of rei@titions Of tM# Aree 
‘int we show that the formas arv sAlié for aay tee given penttive anglot, 

Ie W111 te Jott for the reader to carry Uhroueh the ateument wey ULeMd Of a Increane, 
we ts 0 fecroase of 4 and thus to shoe that 1) a0d 2) are valid’ when om angle fA DOA 
ve at fe other meen ive, and abe both are aeeativn, 


stame 
Te tea ee 


= Sina cos + cor a sin 
SetemE-sina ine 


sina con 8 _ cosa sin 
cornese cosscosS tna tang 
cezcee sinacw? i-tmaun§ 
con tec ® cosacore 


44s Prove the subtraction forsulas, 


sing =f) © sin (e+ CRY + sinacom Fy + coo a sing 8) 
> Sina (conf) = cosa (sine) + sina conf —cona nin 


con(t = A) > con {a+ (= 8) = com a cont 8) — sin A 
+ cia (caf) =sina (sing) + ema coef + slow sinh 
tana 8) + tan (es eo) = 2 _ 
= tan a tan B) 
- time ctf, 
tne ctf)” Te tna tanh 


it values sine, conn, sak angrok of 13P, wine a) 1 = 48? = a6? and 6) 198 
via 


4) xin as = atnias® = a0) 


© ce 4 con a 6 stn 48° ate a? 
+ Baen 
7 


con 


4a 4 


tan 43° — tan 30° r 
Ve tana em” de nav) Bet 


tan is? = 


TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 7 


by ln 1s? = sinceo?— 45°) © an 6 cos 45° ~ com wa in 4s? © 


com 15° » eon(@?= 45°) = eos 0" com 45° = 


fan as? = anc? 9%) » SE tae Gat 3 


Te tanh ina Det 


6, Prove: a) nincas?e) = ainHsP=0) © Fee) 
4) mings? 8) ~ aincas=0) © (rin 4s%eom 8 + com 48” 
= 2 cue gy? ain oat 

2 ewe ay” 4 


by inca +8) + conan” 


) = (ain com con 3? 910 0) (ee wus = ain a an By 


Sinplify: a) xin(a+e) + singa—8) 
4) (elm ¢ c05 8 — coe sin BF + ccm acum By sin a sin 6). 


1) sin(aeg) + sin(a=£) = (sina cor @ + cons sinf) + (sin a cor F~ cons sin 6) 
= Paina cone 


4) conta) — com(a-B) = (cosa cos Bain a sins) — (cor a.coe B+ sina sin F) 
Sa aiea nine 


cy tester) = tent | em (ee6) — a) + tan B 


60s B ~ cos a sin BF » (cos acoe B+ stn asin 8)" = in" (n-F) » oom" a—f) 1 


4B. Pind etn 6), comes By sh 
i (=P) terminate, elven 
) nin a» 4/5, com 9/13; a and & An rant t. 
1) sin 2/5, con B= 1/4; 0 Am madras TL, @ An quadrant TV. 


#, comand) and deteraine the quadrants 18 abten (uy 8) 


4) ou a = 4/9 and gin = a2. 


B ‘TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 


as ae L- 
sina) som nc promaane SERB 
coa(a+8) © con a coe 6 -ainaame «22-40, 

asa 
sinca=6) sin a com B= con 9 a1 ey! 
sere 4 mb © (an8) tn qundrant 1 
eontanf) + con a con B + nin ain E 2. ae 


6) com a + = V5 ana ste > ~ a. 


7 


sine) = stm a cos B+ com 2 ain 


cesta) = cont con B — sin 2 in E 


sinr8) + sin a cos = ~ cos a sin 


conta A) > cos w con 8+ sina sin 


cmt wet BN 
co B= cot a 


Prove: 9) cotiase) = 


st cot 8 — 
cot 


< etla sh) « SEOUL = 1 etncn =! ctect sey 
“eat (= 6) = cot = cot Bs cot a ‘cat B= cok & 


104 Prove the, douite snaie furmatas, 


6. coma) + coe a con f 


si 24 = sin a cox a + cop a gin 9 = 2 in con a, 


con 24 = com 8 com 


TRIGONOMETRIC FUNCTIONS OF TWO ANGLES ” 


A, Prove the halt angle formulas, 


tn cum ane 1 = 2.ia's, pute = 48, Thee 


ce 8 + = 2 nin? 46, B- 


? 


th co 34 = 2 conte ~ 


put a 48, Teen 
cond 


con O = Deo 40=1, cen? 4B © sot cons + 


Pinatiy, tan 38 


r sin 
Vervcon tyre ®  * Vitocma? T+ em 8 
[dzem@azewe) _, [GzemaF _ 
Varvemey—eon6) Vinci sin @ 


‘The stene + are not semded here since tan 49 and siz aleaps hue the same sign (Proton 15, 
‘Chapter g) and 1-cos® us almays positive. 


sy ainae = /inew at - 


by aim a2y? aad oe 


1G, Pind the values of wine, costoe, apt tangent of $6, elven a) sia @ > 5/13, Grin quadrant 11 
nb) ew 9/7, 8 kn grant 1 


y 


a 0 


o 


#0. ‘TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 


tows 
a 


tan 38 = 


by stm 8 + =2¥70/% com B+ 9/7, and 96 An unarant 1, 


treo eat Mb 


sr 8 


cous + 


14, ton thats) 


» 


0) Th As tained trom 


6) thie ts obtained trom 


©) this ts obtained tron tan 38 = SH as 


Tear 8 
2) This ts obtained trum cus 24> 1~Z stax Wy putting a + 38, 


ese forms ace tint ty srg in 38 ~ fF at cen $8 = nf HEE 


WG. express 2) sin 2s In terme of 


1») on $8 In Ceres of cos a 


4) sin aa = sins +a) = sin 2a cue g + cus 2a sins 
= (sinew ajea + (1-2 auFnsine + 25m ccmes (= 2eistmsine 
+ 2sina asus a-2 


1) cm We = cos 2(08) = 2 conan 


16. prove eve de > 


some LHR stn cm a) 2 1b tn oe 


18, true con 8 © siail) = a0) « em(8 « eo"). 
Aia(8 +P) con(8 +P) = (ain 8 com + em 0 


Biaie Lecce « bee — Fain = cor 
Baines bere s Leone - Fane = ome 


00) + (205 8 con et sin sin 0") 


TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 


+ cos? be = sint dn > cams 


= deamn = 2oatm x rom es state) = (ono?s = 2 olny com es a 


4 


= 2tn2e 
21. Prove 
Ritie ati 1a 2eosat + cnt 
7 
4 2.2 1 
> da 2eorza+ + F-test» bower 
o ue me 2 
22, Prove tan" = tants secte — tans arcs + meets = 1. 
tants = tans tants = tan’acaec’s — 1) = tants sects — tan’s tants 


M9. When Asse > 100", show that sin 24 + sin 28 » sin 3c = 4 2) 


= tans sees ~ tante(sec*e ~ 1) = tans area ~ tanks gects = tan’ 


stants sees — tans secs 6 sees = 1 


Asin nin 6. 


ince G = 100” ~ A=B). 


in24 + nin gH = 


sin A sin B sins B) 
= 4 sind sin B stalim?—+B)] = 4 sind ain 


#2 TRIGONOMETRIC FUNCTIONS OF TWO ANGLES 


2. Men 448) C= WMP, stow that tan A+ tan B+ tan C= tan 4 tan 8 tan Cy 


Since C= wi? ~ 6B). 


tan Ay tan Ms tan G > tan A+ tam A+ taney) = tan A tan — tantly 


Av tan y~ MEAS BB aan 4 + tan y(t = —— 

tek an Ta tan Arend ae 
an A tan ton A stan 
+ tam Ay tae Bye Ty aang tan tA BO 
T-tatea T= Gad tw 8 


=A p) = tan A tan tan 


Btanih sy © tan A tan B tanto? — As 


SUPPLEMENTARY PROBLEMS 


25, Pn the values ut aim, eusine, and Canert of «) 73°, 4) 255". 
vac, Bye 
tase ay 2eSety, Bow, 208 
Gaon 


26. Pind the values of sin(a + 6), coma + 8), and tania + f), teen: 
0) sine = 9/5, com 8 = 5/12, 4 ad Bim Quadrant Tne. VES. -10/eb, 68/8 
fy wine = ant, tan B= 5/13, 2 and F tm Qeetrast 1. me, (71/331, 140/221, 1/100 


6) coe e = 12/13, cot # = 29/7, a im Geatrast TH, 2 i Qandrant 111, 
ds. 36/305, 393/925, -a0/228 
sin as 1a, sin > 2/5, 0 se Quadrant 1, 8 tn Geadrant 11, 


® 20a 
2% Find the values of sin(a — 2), costs ~B), and tana — 6), given: 

1) alma = 205, sin B= 5/1 wand B Am Qindrant T. Ane. 16/05, 62/654 10/68 

Wy ina © WT, tam B © 8/12, and @ Am Gamdrant 1. Anes 31/221, 2ay/201, 31/390 


©) con a + 12/03, cot E> 207, 4 AM Quntraat HH, Fie Qondraak 3. 
‘Ane. 2/338, -2007338, 307288 


hin 6 17%, atm B 9 27%) meant 14, BA Quran 


28. row: 
4) sama 5 By = 


fume 9) tame s tan y 
y = eae 
come =3) + tan tan 


Hy ccna + By coma = #) = 2 


fee) 


. cm Bs ain 9 
6) tances? — 8) y tancas® « 0) = SG ein 
ates rane A EO ae 
tana — tale 
een ty sina + 8) since = 8) = sun's 
ce 8) f= tana ea 


tana + tan + tan y = tana tan tany 


e) tance + # + yy = tale 
an B= tan Stan y = tam y tan a 


Pend 


3a. 


ca 


35 


a 


TRIGONOMETIIE FUNCTIONS OF TWO ANGLES 83 


TEA and Ware acute angles, find 4B ives: 
) tan A © Wa, tam Ho 3/55 Mint: tani) © te Anes 45° 
0) tana = a/a, tan B= a. jase as 


Af taney) 38 and tan e+ 3, stow that tan y © 0,3. 


nd th valons of sin 28, con 20, and tan 20, tven: 


1) min 0 9/5. 6 An Quadrant 1. ane. 20753, 0/28, 20/7 
Hy min 8 » 9/5, in Qunteune th. ne. 30035. 1/3 UT 
£) S00 = 1/3, 0 Un Quadrant 1. an. Dara, V3, 
a) tan 8+ 1/8, 8 im rant 1, teas 81 ID, AA 
Le 


2) tan 6 + ¥, 0 An Gindrwat 


rave 
4) tan 8 sin 20» 2 aun! 
by cot @ xin 29 > Lr com 20 

ints ~ cat's n 
oy MESA ys Sein 


Sine = or 
L 


tates 


“ Fy 
form Le tan Wy con's 


int the values of sine, cosine, ant tancent ot 
1) ag", iven cos 60° = 1/2. he 


cos 20? = ~ AB, HB, 2 8) 
6-215, 8 in Uamirast 1 wi, 3vi0, 14 
1) By ahem cot 28 = 7/24, 26 on Qaxtrant 1. Anes W/% 4154 34 


6) lvon cot 28 = -8/92, 28 in @uadeast 1 


Prove 
4) con a = Scoa? bx = = = 2 aint ba Letie inane | ewe 
co 


6) wine = 2 ain $a cm bo 
©) cins8 cm 38)? = 1 ain = 
4) an 40 > ove @ = 008 8 


1 he rte trtunale Ades 


ans, chs 


sin ar _ conte 


He AsHeG = 160, prove: 
4) sin As sin Bs sin = ¢ con 34 cm 48 con 56 
1) OR A + con B+ com C= 1 $ atm st sin sain se 
oy win’s + sin'a — state = 2 sin sin 8 cue ¢ 

dy tan dA tan 8 + tan $B tan $C - tan 4c tan 34 


CHAPTER 12 


Sum, Difference, and Produet Formulas: 


PRODUCTS CF SINES AND COB ENES. 


ins con 9 = $isin(a+ A) + min(a-A)} 
Spins 6A) ~ win(o~H)} 
Slewsca +8) + con¢a 29) 


= dleonga +8) ~ con(a—i)) 


cosa sind = 


com a cos 8 = 


sinasing = 


Por proofs of these foreulas, see Problem 1. 


SUM. AND DIFFERENCE OP SINES AND COSINES. 


sin ds sing 


sinA-sing = 
cas A+ cos B 
cos Aco B = 


2 sin $A+ 2) cos $(A~B) 
Zeus $A +B) sin 44-8) 
2 cos $(A +B) cos 4(A~2) 
sin $(A+B) sin $A—B) 


Por proofs of these formlas, see Problem 2. 


SOLVED PROBLEMS 


1. berive the praduct formas, 


Sime siniasé) + sle(a=e) = (sins cos # + co a cos 6) + (sin a con B = con a sin B) 


> 28 
sina con 
Sime siniar ) ~ s1e(a-#) 


since conn B) + cumia=By 


> demas, 


tem 8, 
ah = sina-6)). 
sloamaf ~ stnia-e). 


2 Peo ace, 
con 4 cme Bo dean) + comia=Pi) 

Since comcast) ~ conce=B) = = 2 vlna vin By 
In 4ain® + ~ dleowias) - concaf)). 


2. oorivn the sum and Sitterenee formalas, 


let a8 <4 and a-8 <8 no that 


inca) + ning 


y= B stn a cos E 


asa 


ant B= bam. 


in 8) = (ook a con B+ sina 


‘Teen (noe Problem 1) 
ins sin Bs 2 sin A+B) con 4B), 


SUM, DIFFERENCE, AND PRODUCT FORMULAS a5 


singa +8) sin(a-8) - 2 con a sin become sin A- sin B = 2 com $498) ain 44-5), 
‘eon(a+f) + con(a—6) © 208 a con 2 becomes cos A + con B= 2 c05 34+.) con SAM 
con(a+8) = Cou(a-B) = Daina con® become com A ~ cus B ==281n4A+B) ain 54-2. 


or 
‘yin 40 con a0", 6) 
1) ain 40 con 307 = Afsancaa? + 0%) + atncad?—a9Py] = A(etn TOP 6 atm a0) 
1) com suo? xin 93° = dfsingsio® = 55%) — sincaia®—s9%)) = Senin a0s! — nin 5%) 
©) 00m 90° on 38° = Seon + 38%) + coms =25")] » 4¢con 457 » eon 18 
1) ain 98 in 40? + = sleomcas + 40") ~ eomiss?—40%)] «= $e0m 08° ~ con 18°) 


rach of the followin we 
rg 


xpreun euch uf the tuttow 
sin oi» nin 0°, 
42) etn 30° 6 sin P= 2 te 450" 40) coe 40740") = 2 sin gs? cow 
by sin qo? — ain aw? = 2 com scm? an?) stm acm =a) = 2 con 45? sin as" 
2) eon $57 + com 28 = 2 con 4¢557+ 257) com 58° 257) = 2 eum a0? con 157 


ty com $6? — em 13° = — 2 cin dass as") ain dcas?—ts%) = — 2 in 55° stn cas) 
© 2 sin gs ain a” 


6 proauet: 
‘Wi — nin 2, ©) cm 58° + com 25°, uy con 28° — com TH, 


sin 44 + win 24 


prope A wl aos ag, 
e eer 
sun td «sin 2h _ pain dade 24) cond —2) 18M as gy 
cortds cmak Deon dade ah) cor Sal=3) | cad 
6 or 
tina aind ” tend B) 
nA eos du J tan $=) 
SB , 2tOn$UeM SSU=D coe igen) tn jem = EAB 
iw Ay bind” sin Bs) co Su=m) fan Fh 
= Lea con » - con 38 ~ com S01, 
i 
A 5 A 
ain x oom aif ems s+ cos» Eeain arjtm 25 con 9) 
on te Youn a 


antacetn ae + im an 2e + 9tn 28 9m 9) 


= Joon x — com x) + fe S(eon 36 = com aT 


(2 em x ~ eon 3x — cum Sa) 


Bi Prove 1+ cau Be + cus dy + cum Gx = 4 r06 4 con Be oom ae 

1 Be + 60 A) + COR Ge = 1 = 2.8 24 Con x + com Gx = (1 # Con Gr) + 2 com Bx con x 
+2 coax 2.cee de con x = Zeon 3 (eon 3e + cm" 3) 
Tacos 3e (2 coe De cam a) = 4 cor vcus 20 Con Se 


6 SUM, DIFFERENCE AND PRODUCT FORMULAS: 


9. Tranefore 4 cone = T-nin s inte the fore © conte ~ the 


Since © con(e—a) = cleo x cong + sina sina), met cme 


Ten coe A= 4/e amd sina = aYe. Sime = 
Wing ¢ = 5. eon a= 4/5, Sina = 9/3, and a= 2052's Than, 


“tone = Sain x = 5 cone ~ 3882"). 
ting =. > 20652" amt 
feorn 23 =5 comer ~ 21692" 


10. Find tw maninun ant isin ales of A conn + 3 eine on thn Interval 543 ans 


‘rom Problem 9, 4 cue x = Bain x = 3 comix = 26°99") 

Nw on the proscribed Anterral, cos @ altaine ste mantnun vajye {shew @ + 0 and {th wine 
mm valve ci shen +t, Than, tbe maximum value of dices e+ 7 cine th 3 wich occurn 
sin <-36°59" 0" oF whom = 3652! shite Ue winiman value 1s = whieh oocurs shen x = 
Be oe ahem wo DIR 


SUPPLEMENTARY PROBLEMS 


11, Rrprece each of the fatlowine praducts a5 a su or difference of sines or of coutnes, 
a) sin 359 con SP + Stee oP + ain IF) ; 
by win 2 coe 75” = a¢sin wo? — sin sa) 
©) cos 50 eos wy" = dycur sag" + cot 3) 
dy sim rae? cin 89° = = seo 16s? - coe aS) 


ey sin te eon ae © S(eim go + sin By 


fy sin 4/2 con 3n/2 = S8in sto 4) 


00m Yo om 4 > Hom Ate + om 30) 
4) nin se rin oe =~ eeu t= coe 2) 

42 se tna 
tain a? oo to ode ty oat om we > Bote ny 
6) a atn nag cox any = Lorde eo zie ing sie oi LE 


1%, Rapeman och af Khe futtoning a 8 preect, 
an 0" 6 atm ao? 2 ohn as? com 1 
1) ae ~ ato an? 


2) 18s + con 18? 


oe 


(6) con 60 + ex 29 = 3608 49 c08 29 
Ay coe 24/2 = con oe/2 = 2 ain Be nln 2/2 


4) om wo = 


14, sue tae 
4) stn 4? 6 cin a > cu Fy ey cum 448° + con 10s? = - vB/2, 


by atm 195 6 sim is? = 8/2. sie ate Lys, 
» ie a mma Sy 


16. 


ra 


SUM, DIFFERENCE AND PRODUCT FORMULAS 7 


sind tan sa 


sieaaiie = = cot 44 =) cot $a 4 By 
SinA= sin” tans —B) 


6) nin + 81m 20 6 sin98 = in 28 © ste 20 (1 + 2 con 8) 
{f) 08 + con 26 + co 38 = con 201 = 2 cum 8 


in 20 + sin 40 + 91m 68 = Coin 28 + stm 48) 2 tn 
© Ace 8 on 38 948 38 


fin au + an Se + sim te s win ow _ (nin an = 


90) + nin be + nin 


» = ne 
Son co Se cm Teco eon Ses coe) Koo co) 

trove: 

1) con i? «con A? «con MP = 0, con ERP + coe 1+ com a «0. 

tron 

a) coat sin’ = Ly 

yewaawte = La 

by cota nite ~ 1a can 29-2 con «con 6) 

yet = Lew em 0+ 3 con 30 em 30) 

@ sin’s + Leo sing - 5 sin 39 - sin sa) 

rancor 

ideas +3 ies is Ue te cates snes a site + e's 

Oca + Dain ak te fore 6a dose since = 20832 

Rakes ee telren] Caer. dns Vn) 

4) 5 con At + I atn 3 ak the frm c cont =a dns. 13 cout ~ P28) 


Pind he mexinin and minioun values of wach sum of Problen 18 and a value of + or ¢ betwen 
(and ay at which euch oveues. 


ten = S28" = WP); einen © 


Sy when 


CHAPTER 13 


Oblique Triangles. Nonlogarithmie Solution 


AN CLIQUE TRIAWALE Js one which does not contain a right angle, Such a. trianule 
‘Contains either three acute angles or tro acute angles and one obtuse angle, 


Tho convention of denoting the angles ty A.#,C and the Lengths of the eor= 
onpondine opp ite midis hy-a,B.c WiLL be used here. 


€ 


A - 2 - 
When three parts, not 211 angtes, are known, the triangle is uniquely de- 

termined, except In one case to be noted telow. The four cases of oblique tri- 

angles ure: 

Case 1, Given one side and two angles. 

Case Ii, Given tro sides and the angle opposite one of thea. 

Case 111, Given tro sides and the included angle. 

Case IV,” Given the throe sides. 


‘TNE LAW OP SUS. In any triangle, the sides are proportional to the sines of the 
opposite anzles, 


a » © 
Sind Sinw Sine 


Tho following relations follow readily: 


elsmA, ob sing, cc 
bose oc sie’ oo 


For a proof of the law of sines, see Problea 1. 


WOLIARIOK'S POUWALAS. tn any Urianegle ABC, 


web. com $U=m) 
° min $C 


together with those obtained by exelic changes of the Letters, 


% 


OBLIQUE TRIANGLES, NON-LOGARITHMIC SOLUTION 8 


‘and those obtained ly interchanging the two letters (seall and capital) in 
‘the numerators of each relat ion. 
Por derivations of these formulas, see Probles 2. 


[PROJECTION FORMULAS. In any triangle ABC. 
a = beosc +ecas B 
b= com At aces c 
© = sco B+ bem a, 

Por the derivation of these forsulas, see Problem 3. 


CASE 1. Given one side and two angles, 
EXAWPLE, Suppone a, By and C are eivens 


To tind A, wwe A= 1m = WO» 

‘to tind bine © = tence b= . 
: wind 

eo tind «we £ = seme «S200, 
ona in 


‘To check, uce one of the Noliveide formas oF cot of the projection forma. 
‘See Problems 4-8, 
(CASE II. Given two sides and the ansle opposite one of then, 
EXAMPLE. Suppose 6, c, ant B are given, 
sinh 8 


If sin C> 1, no angle C ix determined. 
Te sin C= 1, C= 9" anda right triangle ts deterained, 
It sinc 1) two angles sre determined: an acste ansle and an obtme angle C" = 
WP =. Ths, there nay te one or two triangles deterained. 


This case 1s discussed geometrically in Problem 
‘my be summarized as follows: 


When the given angle 1s acute, there ¥iL1 be 

9) me solution Af the side opposite the given angle is equal to or greater 
‘than the other given side, 

5) no Bolution, one Nolut lon’ (right triangle) or two solutions if the side 
Spponite the given angle 18 less thin the other given side. 


When the given angle is obtuse, there will be 

©) no solution when the side opposite the given angle is tess than or equal 
to the other given aide, 

4) one solution if the side opposite the given angle is greater than the other 
tiven side, 


The results obtained 


EXAMPLE. 1) Wien 90, © = 20, amd Bs 40%, there Ue woe 
aad bee. 


2) When b = 20, c = 20, ant B = 4g, tere tn either no solution, one solue 
‘Hon, of t6 solutions, The particular sutras Ls determined after com 


ution since Bin acute 


” OBLIQUE TRIANGLES. NON-LOGARITHMIC SOLUTION 


3) Maen b > 30, + 14? there 1s ene solution, 
4) Woon 6 5 20, 6 = 30, and B > 140, there Is mo solution, 


This, the so-called ambiguous case, is solved by the Jaw of sines and say 
be checked hy either the Mollwetde foreulas of the projection foreulas, 


‘See Problems 10-13, 


‘THE LAW OF COSINES. 10 any triangle ABC, the square of any side is equal to the 
‘ium of the squares of the other two sides diminished ty twice the product of 
thon) sides and the cosine of their included angle, 1. 


ate Be ct = the cond 
Bw che a? ~ en com 


tn ate bY 2ab cow Cc. 


For the derivation of these formulas, see Problen 14. 


(CASE ITT. Given to sides and the included angle. 


To tint A, me sind = 


‘To check, wwe AsB+C 


‘See Probleas 15-18: 


CASE IV. Given the three sides. 
EXAWPLE, With «, b, and c piven, solve the law of cosines for exch of the angles, 
ee 


To Find the anetes, we cas A 


To obeck, wwe A> BO 1. 


SOLVED PROBLEMS 


1s borive the 


at ANG be say oblique teianate. 19 Piece), angles 4 and B are acute while in Pig (6), ane 
le B in obtuse, Draw CD perpendicular to AB or AB extended and deoute its Jongh bh 


A thtte in the rent tetanale BOD, 
since? Thus, 


1a the eight triage ACD of eitber figure, b= 
ho sind since in Pig.ib), hee ate 06 


asinB-bsind of 


OBLIQUE TRIANGLES. NON-LOGARITHSMC SOLUTION oT 


Hy the law of nine 


ole $4sm9 com $=) | com 4D , 
3 ain $C con 4C Fin fe 


ince stn {+H © sim QB) + siacag — 4) + co 46, 


esi: | MBAs sn. 2 cos $4 +m sim 94-0) | sin 4-H) 
= ne Bin $C conse con 46 


ince cos $f) « cosqwP=4C) * xin $C. 


3. verive one of the projection formsias. 
eter to the figures of Probes 1, In the right trisneie AD of either figure, AD = b cos Ay 
4h the righe triangle BOD of Pie. (e), 6 = @ con B. Thos, 10 Fis. (a), 
© = AR = ADS DR = boo A+ econ B = oem B +b coed, 


1m the right triangle BCD of Fis. (6), BO = 2 cos ZDBC + « cos(tao? =) = 
sn Piss by, 


cos B, Thus, 


5 = AB + AD= RD © Reo A~ (4 coe) = © coe B+ hoods 


CASE I. 
4. Solve the triangle ABC, eiven e = 25,4 = 35°, a0 B= os. 


To tink Cs C= ww? — d+ By = am? - wr «7? 


1 find 


Te 
ro find hs be & 


To ebwck by Miltwe ides Forma: 
bee | cori —ay 
. ine 


or + © eon 4h =Ay 


(b+ 0) sin jC + a9 sin 320" = ao(o.ezm) = 20.3 
Seo bB=A) = acon 1Pm0" © 2500.95) = 34.0 


To chwek by projection formula: < = = cos Bs h.coed © 15 can ot? + 24 com 25° 
= 150.3746) + 34(0.410) = 28.3, 


‘he required parts are 2 = 15, b= 24, amt c= 77 


oy OBLIQUE TRIANGLES. NON.LOGARITHMIC SOLUTION 


4 Solve the triangle ABC, etves « = 625, 4 = 11250". and C= 4210", 


Yor 8) B= tad? = (C+ A) = 1m = 15h! = 25°". é 
por be po SiR, 2.5 stem | 250.009) | 99.1, ue! 
588 s - 
‘ ; ; 1 
(oie Pa + sia = em) = ain ere) — pe 
es 
tore: € ; 
sind sn nee 
Cech) (EF aR © wom HC 


(e+ 0) sing © 74.5 cin 3@t0" = 4.500.800) = 
om HC= 8) = GS cm Fm" + G2.5(6.8008) = 


feo + Becacecm BD = amt 


2) + 45.4(0.402%) 


‘The required part are b= 38.1, 6 © 48:4) ad B + 25°20" 


two paints on opposite banks of & river. Prom Aa Lise AC = 205 ft IM 
(CAB © 12940" a ACB > 49°59" are measured. Find tho length of AB. 


1m the triangle ABC of Pie. (e) below, B= Im? — (C+ A) © 20" and 


bac | mp sinafw! _ 250.7508) 
20 0058. 


wre 


Prob. 7 


‘T A.mhip 10 saline de east whem 4 Tieht Us dbserved teariag §.6210'E, After the ship has trate 
ie 2290 Ft, Uae Liehe beats N4K°2S'E, TF the roar In contioued, how clo Wilt the ship 
Averwich Ue’ Light? (See Preblem 8, Chapter 8.) 


1 the oblique Celanete ARL: AB = 2280, BAL = 2790", nd CARL » 11028 
EA = anh = (2 BAL + ZANL) = 1948! 


ny Msn £ML | 2250 stn 200" _ 22500-4600) 5 4gnp, 
sin cal ory ne 


lt triangle RLC= BL > 420, and Zion © oo? — an?as! = 41°", 
(CL = BL sin £ORL = 4430 ain 41s" = 4420(0.0637) = 2904 tte 


Pur an alternate solution, find AL sm the oblique trianele ABL and then Clin the right tele 
sngle ALC, 


tn the 


OBLIQUE TRIANGLES. NON-LOGARITHANIC SOLUTION % 


B A.tomr 195 fe high Js on CLiff an the bank of a river. Fron the top of the tomer the ance 
SF depression of & point ca the opposite shore ie 240" and trom the tase of the tower the 
Ingle of depression of the sane polnt is 1#°20'. Pind the width of the river ani the Melaht 
of the lief. 

the Figure AC represents the tower, DB rep- 
eats the GIAEL, and A ts the point om tbe oppo~ 
‘le shore, 


= oo? - 20°40! = 1m 
BP 5 ean" = 10ean! 


1 trlanele AAC, 


A= suo? ~ B+ 6) © 1020 
HESONTIO) | guy, 


tA sie a0" 108 


1 eight trlanete ABD, 


DW = e nin 19620" = 612c0.3148) + 102, 
AD = econ 18°90" © 611(0,0402) = Sen. 


‘he river Ls Shy ft vide aod the e14Ef 48 192 £1 Aden, 


9. visewss the several special cases shen tao aides and the angle opposite one of ths are kiven, 


Let b, cand B be the given parts. construct the given anele B and tay off the side Mc, 
With A ae cooter and radius equal ts b (tbe side opposite Ube elven angle) describe aa ure, 
Pisures (a)-(e) 4llasteate the special cases shich may accar inn the given angle fl in acite 
hile Figures (f)-(g) illustrate the cases shen B 1s cbtuse. 

The given angle H a2 acute. 

Fig. (ay, Ween b-< AD = € sin B, the are does not meet BK and so triangle As determined, 


ca OBLIQUE TRIANGLES, NON-LOGARITHMIC SOLUTION 


Fi. b). Men b= AD, the are ts tangent to AY and one triangle — aright triangle with the 
Teh angle at C— Is Getersined, 

Pie). Men b » AD and bcc; the arc meets AX in two points C and Cop, the sane side of 
[into triangles ABC, ia which C ts acete, ani ABC' An sbich (100°C An tbe 
tse, hee deteratond. 

Plas (lhe Men b> AD and b=, the are meets AX in € and B, One trinagle (isoaceles) tn d= 
trenioed, 

Wiebe men 6 > 
‘dwn not contain the elven ancl 


the are mots AY in C and HX extended in C', Since the triangle AKC" 
‘ly oe triangle AND 46 detoredied, 


The ven engte 1» btm 


Fig (Pe Mon bce or bse, mo Eetungte As formed, 
ins). then 6 > €, ooly one telangte sa formed as in Pie (e 


CASE It. 


10, solve the triangle ABC, slven e = 625, b © 460, and C = 55% 
Since C is acute ant > by there te only exe solution. 


Aetor to Pig. (a) below, 


Por B = mse stiel 0.0200 | gerry ant B= a, 
rorks 4 = 
pore: e+ $5000-5876) ayy 


check: (e+ by sim4C > coe gd -B) 


(es b) sth ac = 134 sin ass! = izeeia.ees) = 576.0 
fear $U—B) = Gancor 228" = GQH(O.9165) = 576, 


1C preferred, «projection forma my be used for the check, 
dred parts are B= a0P50', A ~ a6Po', and a = 64. 


Aaa 
g(a) Pens 0 Finch) Prob. 


1M, Solve the triangle ANS, elven « + S35, © + 421, and A= r30"so". Refer to Pig. (b) abores 
‘ince A 4x obtuse und « > c, there 48 cae solstion, 


cana, aah sin Bee! _ 210.7566) 


zt a wT ooe7 ant C= xan. 


Porc: aime » 


PorB: B= away > ans, 


por bs b= 22iaB _ 525 etm Psa _ $25(0.2051) 4p, 
sind sin ta 0.7566 
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check: (e+ 6) sing = con $1C-B) 


(ev 8) singh = 56y-sim e325" = sengo.s004) + si20 
eon HO—B) = Sts com Wes! > Sascacerse) > 12-1. 


‘Tur quired parte are C+ 37°20". B= 11%0', and b = 142. 
12, solve the triangle ABC, iven w= 31,5, 6 = 51-8, amt A = ay"4o!. Nefer to Fie, (e) below, 
Since A in acute and a < b, there ts the pemsibility of two solutions, 


ror Bs ln 


ForC: C+ 1mP = d+ &) > ean’, orc 
pore: qo SsinO asauere 
Bina in a0" sin a0" 
= M810.006) _ 56.1, = 1.510.520) ~ 9,1, 
0.5548 0.5544 
heck: (e+b) sin fA = 4.con C=) meen: (bye) sinh = 9 con 4'-C) 
(e+) sin ¢A = 107.9 stn 16°50" (bse) sin 44 = 31.9 sin 16°50" 
+ 107.9(0.2098) 21.9(0.2096) 
= a1.3s saute 
2 con H(C-8) = 31.5 cor Pm’ con 4c’) = 3145 con 41°10" 
2 a5¢0.9910) = 32.5 00.7525) 
=a. ian. 


The required parts are 
for trimmele ABC> B= e840", C > mao", ant c= 56.1. 
for trianete ABC': BY + 1P29", c+ a0, 


Place) Prot. 13 ia.) Probe 13 
18. A pilot wishes to track 15%o' seninat « wind of 25 meh from 1O0"20'. Find his reuulred bade 
‘ng and Ue armundapeed whew the airspect 4s 175 sph Water fo Pie above. 
Since A 1 acute and a > cy tere &8 one solst ion. 


ind | sin a0" _ 250.5664) 
ry 15 15 


anc = © 


+ c.080 amt C= 4°40". 


gain 8 | 17s sin wis! | r7510.0316) 
“ain 0.5664 


B= Ww? — sc) wots". b= = 198. 
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Us verive the Jaw of cosines. 


A ras 
io ’ A 


1 Un rleht telanete ACD of ther thgare, MF = AP + (Api? 


Tn the FHent tetanele BCD Of Piea(e)s k= ia 8 and DBs a cm Hy 
00 AD = AB=pB = «= 

= RAD 6 oF intB + e? ~ 200 008 Bs 3? cont 

+ (auth + cotta) of aceon + oo 6? - 200 cou hy 


a 


1m the right trimate BCD of FiK.(b), A e-4 sin ZORD = 2 sincime® — 6) «a ain Band 
[MD = 4 cos £CHD + 0 cus(tag — B) » ~ con 8 

Then AD = A con at af = 20 con 8 

‘Me remaining rowat ions may be obtained by cyclic changes of the letters, 


case 111. 
45. solve the trimagle ABC, elven @ = 122, 6 = 224, and C= 26°40'. mefer to Fig. (e) beloe, 
fore: of «at Sanh co 


130)7 + cap?  2(132)(234) cas 25°40" 
+ (asa + (anf = 24) aRD OETA = ISTHE and = 105. 


For A: > HRIGETIM . g.soge ant A= 3030, 
or = BMOAWT . gnsye and = a3Pan's 
ry 
atnee b> since AC Ps Bo OO.) 
Check Ae RC = InP SO", The required parts are A = 20°20", I= 1300's ©» 1B, 


rrr} 
Pie (e) Probe Pie ody Prot 6 

16, Solve the telanele AMC, etven «= 322, ¢ = 212, ant A= 110°20". Refer to Fix. (d) above, 

porbi Whats con(us—110°50") = ~con oon 

awno1 and 


ee ee 
> cana + az — 2amazneaasn 
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ora sing = S408 , ESIA LUPO! HOEY gory ana 4 = a. 


yore: sine + EAB , 22 stm 1000" | 2120090 64463 aad C= a¥°s0', 
ry oy “ 


eck Ae m= a, 
‘The required parts are A» 4240", Cae, and b= 44h, 


VWs too forces of 17.9 16 unt 22.8 1 act on 4 ty, IF Linke direut tune make an angie of 36°90! 
ith tach other, fit the aagnitaie of their renultant and the nele which it aaken ¥ith th 


Inrzor force, 
eter to Piece) betom, 
1 the paralleloeran ABCD, A + 


1 the trtanale ANG 
Dut 


<D oP nnd = tm = S040" < 12080", 


teu cos B [eon 139°30! = ~cos(160°-129°50') = ~con uP 10'] 
-SN-O.6400) = 1217 and bo 36.3, 


= casi? + ata? ~ acai 


asin | 115 sto 12h a0! _ 1.51076) . o.sm2 am A= 21a! 
= . S 


sind = 
363 83 


‘he resultant 1s a force of 36.3 Ib; the required ance 1s 21°40". 


a ee 5 
ace) Prob 17 Pie) Prob 
1B, pron n pitot Files 125 mt Un the firwction 6.20920" ¥ and Caras back, Taroush an error, be 


ton flies 125 mi in the direction 8 51°40" E, Mow far and in what direction must be nim fly 
fo reach hi intended dost nation 7 


Rotor to Plas) mawee 
Dunote the turn back point aa and 
1h the tetanete ABC, 
Bete at au con 
= 35 + «asst = 20:85)0125) com P20 
= 2257 (1 = 0.0720) + MT and b= 20.0 


1 fiat position as Ce 


Ses sin Pa" HEE © ogy aad A= ar! 
0 


Blnce ZCANy = 4 — EAB = 45°20", the pilot mast fly = course 5 45°20'# for 29,0 atles 
4m going frame A. 
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CASE IV. 


19, solve the triangle AUC, teen 


32 bere ame a, 


eer co Pies (@) belone 


00 and A» 3840's 


ECCI] 


Peat | aot + cs? — ans) 


= We. ona and d= watts 


047 und C+ 0430's 


Pescg) Prob. 19 ig ch) Prob 3 


aot c= 62.6, eter to Fie. ch) above, 


na? + 0 
340.4) ¢626) 


oat 


id 
a 


© 0.5150 and A = 240, 


see? + cnn? - cwo.ei? 
32.6130.) 


Por B= coe = © Osnggs and B= 320, 


casi? 
3a0.39480.8) 


Porc: eure = AGe6F 3590 and C = 190", 


Cwok: ASKS Co IMP. 


21. The distances of a point € from two golats A and f, ehich cantot te wenured directly, are 
required. The Lipe CA ts coot ined through A for a distance 173 1 to, the line CH cone 
{inuei theoueh For 235 Fe to'E, ad Ue distances AR = 300 Ty MM = 336%, and DK = 486 fe 


wetnawe Palate 
‘The First angle is the swplemat of £ BAD AN 


‘ot tin wept Ue Megpioe oh ano = 
Pieler! 
nth ent Ap oa ute ms 4 


re a + «soo — (336% 4.569 
Bet Ts) ao) ais a 
eban » wP0', 
= 00) caz0\t = asi 
7300) (36), 
Lat « x20, 


Trinntle ABC may be solved for the renutred 


on £ABD 
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‘in the Uriaele ADE whose sides are knows, 
225" + aes" casas" 
31925) 36) 


1 the trtangle ABC: AB = 300, 2BAC = 


os £08 


in? £aD + asa" 
GAB = tao? — (can « 2ime') = 24°30", 


Zach = tas? = (ZAC + ZaBc) + 30%", 
ag » Misin ZABC | 300 sin 24°10" | 300(0.4004) 


‘Then mess otwe v8 
ch” sine. sa80 
nt ne AB SIR ZBAC | 200 atm vt 90" | 20010-0007) 349, 


ACB ro 0.8400 


‘The required distances are AC 


MS ft aod BC = 280 ft 


SUPPLEMENTARY PROBLEMS 


22 ao ams, A SHP40", Be esto. ane. b= 130, 

2. b 311, A= w3%m0', C+ 300. dass 2-30, © 

Dh be 215, © = 150, Be eo", Ans 2 = 300, 4 

25, ae siz, b= 425, A «aso. des © = oan, B= 380! 

26 bo sat, ¢ + 2.3, 8 11820 fs = 381, 

b= 40.2, 0 315, 8 uP dans © = 18:7, A= 460", C= 21°10" 

DB ba sss @ 4255, B= 40%, an ¢ = 79, A= SPan', C= aot 
etme, A= 12F 40", c+ 11%" 

20, @ = 9m, © = 475, A = 25°20. Anse C= s0P0! 
20h, B= Bsa, C= 1°50! 

30. = 1m, © = 20, A= LIP aO'- Anse a> 344, B= UP H0', C= 45°20! 

Bh a6 Beds 1B © = 264 Anse A> 6Pi0', BaP’, Co 410" 

BE w= 6.04, 6 = 200, € = Home Ans. 4 = 36°20, H > a6a0", C= sot 


59. Two ships fave radio equipgent with « rangr of 290 sites. Que is 185 mtlon W 42°40" E and the 
‘tte ib 188 miles WAS"IO" ¥ Of a aboee station, Cas the two shign commatiente directly? 
Ange No; hey are 222 whem apart 


1H. A ship nalts 15.0 mies on a course 8 9°10" ® and then 21 
Pind the distascr and direction of the Jest graittin frum the 
Anas 20.9 ables, PHO" ® 


‘35. A Liphttouse | 10 atiee northwest of 4 deck. A ship leaves the dock st 9 Ath ant stoume 
‘rest at 12 milon per tour. AE what tine will Jt be & wiles from thr {iehthouse? 
dnd 916 Ace an BSH AM 


‘3G, Two forces of 115 1b and 215 1b acting up an object Maye resultant of magnitude 275 
Find the ancle between the directions in eBlch the given forces act. Ans. 70°50" 
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3%, A tower 150 FE Beh te siteated at te Lap of a Rill. At a point 50 ft doun the HELD the 
lute tet the nurtace of the Bill and the Line of sight to Ue to wt the tower is P30", 
Wiad the te ination of the BAII to horizontal plane, —— Ans. 7°30" 


‘BR, Three circloe of radis 115, 180, apd 225 £1 respectively are tangent 10 rach other eaternal= 
I Find the anglos Of the’ langle formed hy Joining the centers of the eirelen, 
Ane 43°10", 61°20", 75°30" 


uyponnd to Leave A and, hy tabine « strateht course of 289°, reach D 528 milen 
in 25 hr. AfCer Cimplot ing 125 shies of the trip, tho ily i» ordered to atep at ( 
‘Seo'a0" #, before continuing to De 1 tie whip 


0, A shiv 
‘hatant 


‘iloh tn 238 atten from 4 


tage tet Be 
tha Tant logs of the tris? Ans. 2 Mr; 2200", 2esa0° 

int: BC = 198, £4BC = 14890": CD = 912, ADC» wPa0", B being thw position at whieh Ue 
‘earns iv fleet eae, 


CHAPTER 14 


Logarithmic Solution of Oblique ‘Triangles 


CASE I. Given two anaies and a side, 

Tho triangle in solved ty using the angle relation, A+ i*C = 180°, and the 

law of Sines twice. The solution is checked hy using one of the Moliweide for~ 
smulas, 


BXANPLE 1 tet ay A, and B be elven The 


= ww? — asm. 


emeck: (bse) 


in ja = 
or (erh) sind s ceme C-B). E>. 


cm WG), IB 


@ = @ 


‘Soe Problems 1-2. 


(CASE IT. Given two sides and the angle oppasite one of thea. 


The triangle is solved by using the law of sines and the angle relation, 
‘The solution is checked ly using ove of the Nollweide formas. 


EXAMPLE 2. tet a, 6 and A be elven witha <b, Then 
aime P84, co awe si 


hen there are teo solutions 


am? 


Ce wr-ueey, ce 


mck: (hsm) aim 4e + © eon $A), 


(bs0) win dt = con $= ADe 


See Problem 4-5. 


LAW OF TANGHNTS. The law of conines of the preceding chapter 1s not 
Logarithmic computation, In solving Case III, the law of tan 


a=b tana), ae _ tan pc) cme _ tan =A) 


‘ath tan Ava) Bye tan g(BeC)| cw tan (C¥A) 
Wi11 be used, Por a proof of the Jaw, see Problen 6. 


Note, If for example, boa it will be more convenient a write the first 
fornula with the letters a and b (also A and B) interchanged. 
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CASE ITI. Given two sides and the included angle 
‘The triangle is solved ty using the Iaw of tangents to find the unknown 


‘angles and the law of sines to find the unknown side, The solution ts checked 
hy using one of the Mollweide formulas, 


RXAWPLE 2. let cob and Abe gives, Then B 
Hea) + oP ~ 54, 
tan jiC=B) = 5! tan 50 a 
Chock: (eb) atm HA = a com MCB. 
@ c 


See Problem 7-9, ro} 


WALP-ANGLE FOUWLAS, In any triangle ABC 


tanga =, tanga = tan yo = 
whore 5 = s(a+b +6) is the semi-perineter of the triangle 
and p= [G=2G—PE=S) 46 the radius of the inscribed etrele, 


Por a proof of the formulas, see Problem 10. Por the identification of r, 
‘see Problen 8, Chapter 15. 


CASE IV. Given the three sides. 
‘The triangle 1s solved by using the half-angle formulas and is checked by 
uusing the angle relation, 
‘See Problems 11-12, 
SOLVED PROBLEMS 
CASE I 


1. Solve the triangle ABC, elven e + 28-134, A= 4021.8", and C= WIT". 
B= we? ~ Asc) = SP r0.8 


eolok Sin A © Oc 1392 clog in A = 0.13082 


toe e » aia oe 6 = eae 
sett pereery 


mck feo 


a 10-8) 
seta, 4(C=H) © afm? 


LOGARITHMIC SOLUTION OF OBLIQUE TRIANGLES 103 


2. Solve the triaaste ABC, eiven 
B= two? ~ (CoA) © aoLs 


ence, 4 = 119427, and C= 2625.8, 


“ bam . 
toe b og b » 2.48137 
Joe nin A log sin C = o.e16se-10 . 
colog tin B colog sin B > 0,18934 ve a 
oes log e » Za a Sel 
- c= tear 
hock: (use) ming = b con gu 
ase = ST. TH, B= 20°55.0! bs 202.66, 4U-C) © 43384 
log (ave) » 2.73486 Jog b 245127 
oa sin gD = 9.37226-10 og com HA=C) * 9.88085-10 
Perr) 23080 


$4 tn running Line PQ, 5 30°42.4' & fron the point P, a surveyor encounters a eran, At a point 
4 on the Tine abd at oe edge of the swamp, be changes is direction ta W 61°0.0' E for 8 dts~ 
hace of 1500.0 Fe to a point B. Me then sights to the other cage of the seagp, the direction 
belag $ 10°20.6' H- Tf thie line meets AQ in C, find the distance fron B to C. the angle through 
smiich he must tars fron BC to contiour oo the Original Tine, and the distance AC acrosa the 


4 triaagte ABC, 
Pine", B= saP20.4", and c + 1500.0 ft, 


‘Then C > tno" - (4B) + a9°13.0 


esi04 


tog sin 
colo sin 6 ccolog sin C= 
Jog a toe & = 382 
 1as.7 


‘The diatance frow M to.C is 1993.7 ft, The anele through which the surveyor oust turn at C 
1 ZB) + ind? ~ ZACH + iaePa7.0". The dintance acroms the omy ts 1528.4 ft. 


CASE IT. 
4A. solve the trinnele ARC, elven b = 67.246, © > 56-915, and B = 615.8". 
Aince B in acute ant b> cy there 18 one Holst 


wine £288 eee) 
hes aie 
Yow c + 2.73632 toe 6 = 182767 
Toe sin B » 6. 954a0-10 log sis A = 9 98549-10 
olog b> 6.17239-10 cola sin B + 0.04180 


0 log 2 = Lease 
cero 


Jog win € = 9.088 
C= srt. 
A= ts? (BC) = 0° 
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eek = (hse) ain 34 = 2 coe 3-6) 
bre aes, 54 = 3P5.0! 2 = oosn2s, 48) = Pao? 


toe (e+e) = 2.08008 
og sin 9A 6 9c 72720 


4 Solve the triangle AAC, ¢iven a 433.30, b 188.37, 4 16°23.7"- 


‘Since A sate nd & <b, there my be to elute, é 
@ 
*, 
Inch e 
Jog in k= 
colog « * 7.900301 tu e * 
Ing Ain B= baenepeD 23 
Alawar = iw? = 8 ata" 
Oo iat ase) + wea! © Sta ash ene! 
2 oo ema! 
sina sina 
toe « = .0me1 toe « = 2.001 
tog sib = sts tog ain aaa 
colog sin = 63800 cones 4 > 63000 
Ion ¢ = zeus ton = Kamae 
easy Sat 
Check; (br) stm pC = con $uH— 4) Check; (bys) sin HC’ = el eos 448" Ay 


how» 28st, 4c’ « 25,2! 
eo soe, dda) TPL 


Jog (+0) = 2.444 
toe sin $C! = a.toaso-10 
Toms 


log e + 2.43040 
log com 4A) = 9.006710 


UNM g ah cmt, 
aie . ain sc 


Diving the Chest by the sean, 


sin gut sie 


corse ce HA -B) 


tan 4) tan 
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‘nce ¢ = smo? A 


Tes, 


‘The two other forms any be obtained in 


CASE ILI. 
won 


ALG» teh» 12835.8" 
Hse) = eer 


ten gd-c) = SE 


tan 446) 


tog (22) = 2.03608 
solag (ave) = e-40T88-10 
tog tae 340) = 0.28507 
fog tan 344-C) = 9.782810 
44-0) = 20°90. 
Ha+0) = oF 


$C = oP 30-8) and tan je = cot Sue = 


= tng) etn ge = 


te triangle ABC, elven a = i264, € = HUNTED, 


a 
ina 
tan $= B, 
tanya a 


simiar sanmer of Wy exelie changes of Letters on 


Toe c = 3.10201 
og sin B+ s.stote-t0 
colog si C = 0.2815 


‘Check: Te ts left to the studest to check the solotion ty using tbr MolTweide Formula 
are) sin B= beer 40-C). 


A, solve the teianate ANC, tven 8 = 472.12, © © OT.44. A 9 125% 


oR = ww A = seas 
week) = xP 


erh + 1070.86 » 1079.6 


eb 
tan jicem + 28 tan gues 
fe=m + SP a 4 
tog ce =) = 24136 
eolog (eb) © 6.08674-10 
Nog tan 41048) = 9.71422-10 
og tan HC=B) = &.61E3-10 
4C-m + Fane 
HCr8) = ae any 
cas 
Bs ahs! 


‘enech : To check the solution aoe the Wollwete farmla (ev) sin 3A > « con 41C-B)- 
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9. re aancent ee of rtilorn ate S427 ad G23 1 cess tey and te ae Be 
thee thes 2 TEI 


4m trinnete Ae 


tan jie=ay = © 


doe (e 
colon 


) = 313030 
) = 6.081810 
og tan $0004) = a.0e322-10 


log tan 4404) « 9.07880 


O-w) > eae: 
HOOA = ae re 
cent 
asa 
neck (eos) sin iB = beer 0-4) 


Feo 


10, Derive the natt-anele formas, 


et ABC be aay triangle, Thee tan snioce 54 16 aleaye acstey 


Wy the tow of cosines, cong = 


aba? , (actoeqierten) 


coma ‘ 
he ‘he 

oct (iseraibvenay 

ant bcm As p Et oo Gecemribee=s), 
ahe 

let ash Oy eben eae 

bens 
a . fe=bae=9 
ae ay 

eaha=e) | 


Finatty, sot ‘The romining Formulas 


my be obtained ty epetle changes af Letters. 
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CASE IV. 


1, Solve the triansle ABC, eiven « = 642.64, b= TIRE, © = 912.28 


es = 
raecied 
as onise sense toe) = if % 
ie Sms baa lon ea © 
eh nee Ban tina: ‘ ua \, 
wel es imal 
earrin ater = 
ler 
tao = tans = 
Jog r «230008 toe r= 2.308 vow r= acme 
tog (ce) © 2h toe (8) = Senet tne (ee) = cor 
log tan $4 « Se00-10 log tam 98» ac 10 Joe tn 4C + SatTI00 
Mh ase 18 2 se 3 
Ae Ps Bose com 


Ce a 


1B. A triaesiar fiesd tas sides 2035.0, 2460.0, and 1575.0 ft re 
spectively, 1s shom inthe adjoining figure. If the tearing of 
Ais 5 39%00.4°E, find the bearing of the other two sides, 


Mestre 


os = 2450.0 
hs 1575.0 
= mu, 

2 = 20.0 
m0 


tog r = 2.72018 Yow r= 2.72018 


ow (sra) = 3.8067 og (are) = 300000, 

Jog tan $4 = 9-09049-10 ow tan 40 = 072010210 
> Paw! se= 2a. 
A= Pee! C= se on0" 


ESA + ot°47.6" — a8°30.4" = Parez: the bearine of AC bs 8 4917.2" % 
ENR: = aSPa0.4" + aePan.e" = 7°tn8'; the tearing of BC As N75%18.8° %. 


m 


LOGARITHMIC SOLUTION OF OBLIQUE TRIANGLES 


SUPPLEMENTARY PROBLEMS: 


Solve and check each oF the cbiique trtanetes ABC, 43ven 
© MT, As BIPBB', Co MIP. Anes a 48TH, bs TERR, B= ORS 
he rato, ths nes a5 SMeTBy © > 102505 A © 20407 


nm 


os 


wana, As Ana 8» 168666 6 = 14.760, Ho ORB 
We Mah, © 9 106004, Mae! Anas wy aes, A > 134422", C = ane 
moana, © + 38-720, © + 1132 Anas a 23,088, A = uP 2062', B= 19°9ta 


We meas, 6 = 73.403, € ata Ae = 08.594, Bs Oma A= of aR 
Bite, Wo 1151-7, A= PAA! 


105, © + tSeATI, A= BTA Anes b= 25.390, B= t3sa.g', C= a0Peae 
1.6748, Ws eae, 6" etapa” 
vee a8, 6 208.71, B= NPL’. Anes b= wi9.00, A = 28%26.2', C= 0a! 
= oom. © Ae s@ans', mee a + 475.00, Ho wate, C= aPSL8 
= LTD, b> 268.29, © = a0 des Ao ions! Bw sno, = Thane 
4 = ta9Ha, b= 206.5, © = 25488. dns A 20118, Mo oP a.a', C= 1a! 


A pale, wich teens 1071S" from the vertical toward the mun, carte = stadow 40.15 ft Ione 
shen the aisle of eleration of the xan is 40°25". Pind the Teneth of the pote, 
Ans. 41.07 ft 


‘to observers A ond B, oe lavel grout 2975 ft apart, seasare the angle of elevation of an 
Alplase ae iE flies over the Lage joining then Toe aaple of clevation at 4 is 62°43" and 
ACB ie 50°54". Find the distance of the airplane from A, from 8, and above the artis sir= 
face. Ans, 3006 Tt, 2500 ME, 216s ft 


A tunnel is bo be constructed through « mvantain frow 4 to B.A paunt Cy from whieh both A 
‘and B are visihle, I 254.8 {t Crom 4 amt 535.6 f% fron. Hon long ts the Camel Mf £AGH = 
BPA) dns, 230.5 18 


Acsumine the distance of the sun frum the earth to be 12,497,000 mi and the distance of th 
‘um ron Wercury to te 25,940,000 #1. fied the possible distances ot Mercury from Ehe earth 
‘hon the angle me ty Mercury aad the sam with the earth as vertek Us #246" 

‘60,000 oF 125,190,000 


A point #1 inaccosniote and tnvisible fron a point As tn order to End the aintanee AB 
ten roints C abd 00 6 Line with A ait froe eteh Hse viosbln ate selnctedy an ADH © 
id CACH © 41°96" nee mranared TCAD = 432-3, CC and AC» 83.0 FC, 14M Ay 

an fe 


CHAPTER 15 


Areas. Radii of Lnseribed and Cireumseribed Circles 


‘TW AREA K OP ANY TRIANGLE eats half the protuct of its base and altitude. Fors 
imilus applicable to the four cases of oblique triangles are Listed below, 


CARR TIT. Given two sides and the inclu 


ancle. 
K = Soe sin A = dea sin B © dob sin € 


For a derivation of these foreulas, see Prob. 1. See also Prob. 4, 


Case 1, Given two anges and a side, 
x sing sine | oF sinc sind _ cf sind sing 
Zaina sin 8 Zain 


For a derivation of these formilas, see Prob. 2. See also Prob, 5. 


CASE 11. Given two sides and the ansle opposite one of them. 


A second angle is obtained by using the law of sines and the appro- 
Driate formula under Case T is used, ‘See Prob. 6, 


CASE IV. Given the three sides. 
K = Yats—a)(s—b)(e—c), where s = Hatbte), 


Por a derivation, see Problem 3. See also Problem 7. 


POR ANY TRIANGLE ABC, 
‘n) the radius & of the circumscribed circle is, 


* » © 


e- - ‘ 
Ysa 2a” Iain 


4) the radius of the Anseeihed elreke Is 


whore a Hine boeds 


Por a proof of these wtatements, ce Problew &. See also Problem 9-10. 
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10 AREAS. RADIE OF INSCRIBED AND CIRCUMSCRIBED CIRCLES 


SOLVED PROBLEMS 


4. berave the foreuta A» jhe ste A. 


‘noting the altitute dram to side b of the trianele ADK! ky A, we bave fron esther figure 
heenint, Thus, Ko= sth» the stn A. 


2. bvetve the formula k= 


Bane 


rom Probes 1, A= She aim A; apd by the Jaw of ines b= 


sind sin 
Zain 


Tien K = dhe sina = 


9. verive the forma k= /Ate—=) 
‘ros-the derivations Jp Probes 10, Chapter 14, 


sist 4d + Ga coe ay 


nt ems fA > Sets coeAy = 
Bince jA-< 0", sing = 


Kris sw angonse « if 


ind the aren of the trianele ANC, given w= 1838, b+ 880736, ai C = 27158". 


‘Thin 16 4 Cine HEE Urlangle and Ks Yah sin Cs 


log a = n.an4e 


iss se 


Tw aren 15 200.06 sauare units, 


AREAS, RADIL OF INSCRIRED AND CIRCUMSCRIBED CIRCLES W 


5, Pind the aren of the triangle ANC. elven A = 3P 14. 
B= te? — +c) = wP6.0". 


Cs OP ae.t, and b 


This sw case 1 tein 


2 oe b+ a.ossoe 


og sin © » 9:04701-10 

og him A» 8. H1B-10 

colo 2 B.@De77-10 
colo a & © 000680 
log K = 3-83000 


A= 31,20 somare anit 


6, Pind the aren of the triangle ABC, giere 6 » 38.612, © = 44.280, and A» 2° 


‘This in a Case 11 trianele in thick there may be tao solutions, 


tee sinc » 9.70650-10 


C= xP eno ad Co = tw - uP 
A> Wao? 0)~ Ties and AY = Ia usec) = 1a? 


sim sin 8 


prem of ANE 48K cen of ABC" Is K = 


Bain 


2 loge = 3.2042 
tog sin A> 04089-10 


og stn & = 9,89737-10 
olog 2 © 9.6007-10, 

colog sin (> 0.21042 
og k > 20 toe k » 210000 


Ke 554.76 Ae ist 
‘wo Erlangen are determined, their areas teine 564.76 and 187. TH-squAr unite Fespwctively. 


17 Wind the aren of the trianete ANC, heen a + 255.18, 6 » 200.87, and 410.25, 


‘Thin in u case IV triangle and K = /5(9—a)(8 b/c =e) « 


see derbrey Khoon 


ie AREAS. RADI OF INSCHINED AND CIRCUMSCRIBED CIRCLES 


1B, Show that, Is any Eetanele ABC. 


1) Ue radio oF the eireumcribed circle se 


1) the ruts r of the (nmeribnd ere te given Ro 


1) WE 0 be Eke canter of the elresmcr bed etree 
to unl Cy ant draw Unroweh the perpendicular Lo BC meet= 
Jig Atal by Simre Celanate CBC IN Inabewles, OD bisects BC. 


incu A= CIC and £1 Antereept the same are, A= 
AaB» Lids Thom, in FM Ketan» BOD, 


new 


Teina ” Tawi Tame 


1 Oraute Ue center of the temerited cxrele (inter 
action of be bisectars. of the interior angles of a 
Trisnele AAD) oy and Ue points af tangeary of the 
‘sete sol triangle by 0,6,F. Siece 1 t= equidistant 


Dees 


ow K = afea bt = ares 478 - ares BIC> aren CIA x 
fer + sar he y 
srlecbeey = brim) = 
ul ty Pr 
4 5 


int Ue eats OF tae eleeumcr ited and ineeribed ehteley of trtanele AMG 
Coa aaA', and hb HT 


5 
We ta = (0+ A) © 0 

oe b = 2.suans 
wont 

Wee Ro 307 

A Ac 
heath 4 — 

1 flat F 


tore = Bane 
2 am.07 
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= mg ee Te tow en 
Be genes b= a2) tor hy 
© 5 BROT re 8S Dow one 


2 9 Tose 
+) a7 2 toe r 


ete 
eae 
I A rt cs 
ater 
Beek 
reer 
Ree 
: pea 
Sse 
one 
mee 
Ae Bir 
ae F 
yi 
ee sce 
Domien ones pat 4 


ee culog sin A = 032052 fs 


$e 1sr0" 
A= 2s" 


le R = Zs 


Be aoa 


TH. tu quudrangular tietd ABCD, AB ree NEPI0'E 14 ct, 
BC runs 22 20' W 19.909, and CD ram 8 40%40"W 15.3 Fa 
DA runs $3210" but cansot te masured. Pind 
4) the Tenath of Dt, 
1) the aren of the flea, 


Tn the Cigure SV is the north-south Line throweh D, the 
points EPG ure he Cort of the perpeadiculars to 
Tow Unroweh AVEC respectively, aad the tines AY and CF 
are perpendicular to 2, 


m= Heth = Ge 
2 ain ahaa! + 19.8 sin 229! 
= O07 + T88 = ATam 


He = oth = A Hs tence 
ee 
© tray — 11.4 sin 610! 


‘Since EA = M4 sin a0, DA = 


T1¢ ARRAS. ADIT OF INSCRIBED AND CLRCUMSCRIRED CIRCLES 


by fren ACD = aren RAQP + aren FBG ~ area FAD ~ area Gc 
= SEA 9 RM» 30FB + ODT ~ 4BeED - $60. 
Nm A = The PIR 789, A © 114 coe BP LO" = 5.32, GC = DT, 


C1 > s0.8 cc 2230! = 1822, ED > 13.9 con SPIO" = 1TH 
"13.3 008 a0" Te 


feo MCD = jeteAy BrADyRaBYY 4 
6.31 + B39 = 4 


96 9.97) (48.23) = §(T. 41 17E)= (BIT (AT) 
= Shee» G37 oF 2108 sa rt 


12 Prove that the arve of» aunie 
ine of the Inetinied ane, ew 


{k Uhe dineonae ot Ue qunrt2ateral ABCD iatersect 4m 0, tet 6 te an angle OF Intervet 
ioe oF the dingcnal, an Let U separate the diagorale toto snements of Hength pug’ ri a 
An the Fleur 


ol te equal to tale the prot of St6 dagen and the 
iste) belo, 


cou ANCD = Area M6 + ates 408) + ava BOC = area DOC 
Se su Bs Sar sin Cia?) + spe sin (WP 8) 9 qe sin 
ter + ge pe aes sim = Ke 


Pesce) Prabe 2 Pigcby Prob 1 


Wray ain, 


19. Prove that the ara k of the smiller segment (shades) of 4 circte of radiuk r and center 0 
ue of by the chord.AR of the PLe.(h) store ts given hy A= $r#(@—ainB), where 6 radians 
Is the ceatral angle Intercepted ty thr chord. 


‘Me required area te the 4kttereace between the aren of sector AOH and trianele AUB, 
‘The area of the Sector AGM 18 to the area of tbe circle as the are AB in to the elreime 


orowce of tho eiretey that tn, 


‘Tue aro of tetangle 408 + bro 


Th, = grt0 = ae 


42 ~ sin). 


W. thrws chFcten sith centers AARC dave rexpece 
tive rHshi 80, 30, 30 Ine andre tangroe £0 
uch “uther whterially. Fill Che aren of the 
urrilinear triasete toreed by the Ehtow ebe= 


len, 
lat the points of tanceney of the circles is 

the MST as In the figure, The required arn 

‘in the diftereace beteeen the area of trianele 

AC andthe sum of the areas GE the tw ee 

tars ANT, BAS. and SCT. 


AREAS. RADIT OF INSCRIBED AND CIRCEMSCRIBED CIRCLES ns 


‘ince the join of the centers of any t¥o circles gasses throwgh their point of tangency, 
a 2BC= 50, Fs Ck= my and c= AN BD He Teen 


bas, ence om aod 


Fe Harbrey = 100, + 
Ta=Bye =e) = VON DOICRO) = 1000VT + ITH2. 


= neon ANC = Vata 


Binoe + = A/s © 1.32, 


tan 54 4 0 
tan $8 Ws who! t.04t rad, 
tan yo Go wea" = 143m ra, 


arom ANT = 4770» 4150/7 0.687) = 3.73. 2190)? (e067) = 471 
= 0)" (442m) = 203.60, anther nam be 1590.50. 


‘The required area Je 1732 - 1590.50 + 141.50 or 142 s0:F0 Inches, 


BG, ) Derive « forma for the tength L of an open deiviag belt. 

5) Pind, to the nearest tenth of an inch, the lnasth of = driving tlt roaming around t¥o 

pulleys of radii 15 In. and 5 in. respectively Af the distance betwcen Ue centers of the 
heels ts 90 In. 


1) Unt the t40 shows of radii rand R be cratered at A and B respectively, al 16t d denote 
the dintance between the ewaters, The reguired Ievgth of belt ine 


Los aro Gik + CE + arc CHF + AG = 20are JE 


(As tangent No the tao ehretes, AC and BE are paratlels Let Qe Linn theoueh A par 
Jol 10 CE meet RE AL Ke Droote the angie BAR, measured tn radians, ty 8, The 


sin 8 = MY/AB © (=ry/d and 8 + Are ain Wmry/de 


ZINE + ZBAC = (om 5 8) end, and are JE = RU «B) teneth antes 
Ciuc =~ Ciuc = GRO) rad, sod ate CH = r9E~ 8) leneth wis, 
(8 ak * AB coe B= dco 8. 


‘Then 


are t+ a). 


Ls alNgn + 8) roe = 8) + dea B] = erin + 201-198 + ad con 8, 
mere B= Are ste Wr) /de 
by Were Ws 15, 6 = 5, and d = 30; then B = Are sin Ul-ri/d = Are sin 1a» 


A= qasesyea.teay + 2415 -51(0.200) + 2(30)(2//3) 
= Gms emt 5656 = 136.2 Im, 


240 rad and 


Ls i | i a 
M6 AIEAS. ADIL OF INSCRIBED AND CIRCUMSCRINED CIRCLES 


16, 2) bwrive x formula for Ue Inacth L of = crossed driving bet. 
4h) Pind, to the nenrest tenth of ak ineb, ter Tength of a driving’ belt erisi-crouind about 
fo tulleye of ralie 10 An. ant 4m cenpectively Af the distance betwen the canters Of 

te sheen in 40 1h, 


QQ? 


14) Let the tan abewls of Faith r and te centered at 4 ant Il respectively, and Tet d denote 
the ntance botewen the centers, The reguited Voagth of belting ts 


K+ 2are se + arcan + & 


Ut the Line through A parallel to CE met AE extended at A Oeaote the angle HAR, wae 
sured in radians, By Theo 


SimB = MRAR > Rerjid and B= Are sin deride 
foe ~ =~ ARE ~ ie <8) red, ad are JE ~ Rie + 8) tenet ants, 


iwc = 2 jme = +8) ra6, and arc = re -8) leneth anita. 
ce deo 8, 


b= aImGe 6) « rae + 8) + dees 8) = = ryoe 26) + Bt co 8, 


ero 8 = Are sin dl ry/de 
1) Mere He HO, # = 35 wt = BO: them Bw Are san hari = Ane sin 4 = 0.534 Fad abt 


L = (lassen t.04m) = 2420 (405) = e2AS + SH.88 = 116.8 Ame 


AREAS. RADIL OF 1D 


‘SCRIBED AND CIRCUMSCRIBED CIRCLES, 7 


PPLEMENTARY PROBLEMS 


Pind Ue ares of thr trlumgle ABC, etve: 
TT be Beaty» A536, A > wa Anas 324.5 sours unit 
Me 0 = 05632, b= snout, C+ 206 
WW ae min, He oP He. Costes 
20, 6 datead, A= 0% 
ew Weed, he 402MM, © 
a tos, b= e182 € 


Anes 3400 sare ynits 


- Ana 103.990 aquure unite 
B= wPt0s'. ns 105,000 snr sit 


era. 
suaTt 


28, Pi Ube eadiun of the elrcameribed chrele ut Ube Leiaggle AMC, alven Uhat > 3b wit 


We seid’ Ans. 23.08 

4, Find the radius of the imeribed etecte of the trlanete ABC, elven to4t a © h4THy 6° 4 
ste = 6.010, nee 1.832 

25, The sides of n tetungular plot are 48-50, 64-70 and ws.s0 ft respectively. Pin a) Ue wl 
mom radius of acta of ab automatic lane sprinter siteh sill eater ail yarts uf ly ylot 


(of the largest rircular flower bed thick can be contracted a) (60 


"26. 164 48 the area, A i the radios of the circameriied circle, ant r Lethe rasiue of (ea 
seriled circle of the tetangle ABC, prove: 


a) k= an? cin A sia B sinc, 
bk = step, 
OK = Main As stn Be sinc). 


CHAPTER 16 


Inverse Trigonometrie Functions 


INVERSE TRIGONOMETRIC FUNCTIONS. The equst ion 
x=siny 


‘To express y as a function of x, we #ill write 
2 y= are sin x. 
In spite of the use of the word arc, 2) is Lo be interpreted ax stating that 
vy is an angle whose sine is x Siailarly we shall write yearecosx ifx= 
cos y, y=are tune if x=tany, ete. 

The notation y = sin"*x, y = cos*x, ete., (toberead ‘inverse sine of x, 
inverse cosine of x’, etc.)are less frequently used since sin my be con- 


fused with SE = (sin yt. 


(GRAPHS OF THE INVERSE TRIGONOMETRIC FUNCTIONS. The graph of y = arc sinx is the 
raph of x= sin y and differs frox the graph of y © sin x of Chapter 9 in 
Ut the roles of x and y are interchanged. Thus, the graph of y = are sin x 
ig a sine curve drawn on the y-axis instead of the x-atis. 

Similarly the graphs of the remaining inverse trigonosetric functions are 
those of the corresponding Erigonosetric functions except that the roles of 
x and y are interchanged. 


PRINCIPAL, VALUES. It 1s at times necessary to consider the inverse trigonometric 
functions a5 single valued (i.e., one value of y corresponding to each admis 
‘sible value of x). To do this, we agree to select one out of the may angles 
‘corresponding to the given value of x, Por example, when x 
to select the value y= 30° and wben we shall agree to select. the val 
we y= ~30°. This selected value is called the principal value of are sin x, 
When only the princigal value in called for, we shall write Arc Bin x, AFC 
coe x, ete, The portions of the graphs on which the principal values of euch 
‘Of tho invorse trigonometric functions Lie are shown in the figures below by 
fa hwavier Line. 


Mon « is pasitive or zero and the inverse function existe, the prinelpal 


value ts defined as that value of y which Lies betwoon (and 4x inclusive, 
Por example: 


‘Are sin ¥3/2 = 4/3 Since sin 9/2 =¥5/2 and 0 < 9/3 < 1/2, 
Are cos V3/2 = */6 since cos x/6 = ¥9/2 and 0 <n/6< w/2, 
Are tant =m/4 since tan e/a=1 and 9/4 «9/2. 


INVERSE TRIGONOMETRIC FUNCTIONS 19 


When x 1s negative and the inverse function exists, the principal value is 
derined as follows: 


nx S Are sin x <0 gn < Are cot x <n 
gr « Are cos x == fare sec x <— br 
= yr care tan x <0 =e < Are ese» S—4n 
Por example: 
‘Are sin (-¥9/2) = -/3 Are cot (=1) = 3/4 
‘Are C08 (-1/2) = 20/3 Are nec (-2/V3) = ~ 51/6 
Are tan (=1/V3) = =1/6 ‘Are ese (-¥3) = =30/4 


Note. Authors vary in defining the principal values of the inverse func~ 
tions when x is negative, The definitions given above are the mst convenient 
for the calculus. 


ys are oom 4 ys are cot = year ees 
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GENERAL VALUES OF THE INVERSE TRIGONOMETRIC FUNCTIONS. Let y be an inverse trie 
‘onosetric function of x. Since the Yalue of a trigonometric function of y 1s 
knows, there are determined in general teo positions for the terminal side 
‘of the angle y (see Chapter 2). Let y, and yy respectively be angles deter= 
‘Bined by ‘the two positions of the tersinal side. Then the totallty of valves 
Of y consist of the angles y, and yz, together with all angles coterminal 
with them, that ts, 

oe and va 4 oe 
whore m 18 any positive OF negative integer, oF is zero. 
Qe of the values y, oF yz may almaye be taken as the principal value of 
tho inverse trigonanettic function. 


EXAWLR. Write exprensions foe the gvperal value of w) ary ain 4/2, 0) ARC €08 (4), 
6) ate ta) 
44) The princtonl value of are sin 1/2 46 9/4, and a second value (not co= 
ereinal th Ube peiseipal value) 1s $76. ‘The general valut of are 
sin Ua i etven by 


san, sees an 

ere m 8 ane ponitive or nexative integer, of te sera, 

1) The principal valor su = and there isto other valve not coterminal ith 
AE; Thus, the general valor 1s elves by Tset, shure tau positive 
or peeative integer, or ie sero. 

©) The priscipal value is 1/4, and a cocond value (not cotermiaal with the 
rimeipal valuc) 4o 20/4. Thus, the general value is elven by 


tere 15 a positive or monative Snteser, oF Ja sero, 


SOLVED PROBLEMS 


1, Pimt the principal value of each of the following 


a) Are ino = 0 8 Are we does ) Are tan Gt) = = WA 
1H) Are 8 (21) = 9 1h ave ese V3) = 304 J) Are cot 0 

6) Are tan > 0/2 @) Are con 0 = 2 4) are we VA) * = an/4 
1) are ct B= 6 My are ein (ty » 2 1) Are eae 1-2)» = 51/6) 


xpress the priscigal value of each of the following to the oeareat mlmite, 


ws) Ave nin 02999 » svPa4" 4) Are nin (0.6430) © = 495? 
1) Are om O.aa00 » 623! hy Are Got (0.4810) © 11652" 
©) Are tan 1.5000 © 3610" 1) Are ta (14400) © — 58°13" 
sl) Are cot 1.45 = 40° 6! 4) Ate cot (0.70) = 1217 
6) Are wee 103d + 14°34" 1 are see (21-2007) = 1480! 
1) Are ewe Les © 41°23" 1 ace ove (kana) © — tea" 


‘i Verity euch of the Fottowine. 


fay stm (Are ain 1/2) « wi 9 
5) con [are com (-1/2)) = om 


2) Are cos (cos (-1/4)] = Ae con 8/2 = 
1) Ace ate (tan Sy) = Are ata (-1) = = 
f) Are com [tan (-38/4)] © Are CO (-1) «8 


(4) Are sin (wis'=/3) © Are sin \A/2 = 0/3 


INVERSE TRIGONOMETRIC FUNCTIONS it 


4+ Verity each of the following. 
a) Are sin ¥2/2 ~ Are stn Va = wa w/e = wae 
by Are con 9 + Arc tan ot) = RE sR) = RE Are tan 


vate each ot te fot one: 
4) com (APE Hin 2/5), B) HD (Aro cum (-3/3)]y €) tan [Are atu (-2/4)]« 


” 
| 


« o © 


a) tot 6 © Are nin 2/5: then sin @ = 1/5, 8 being u First quadrant ancie, Frou Pie. (a, 
fem (Are nia 2/5) = com Oo 4/5, 


1) tet @ = Are cow |=2/2): them cos B + 2/2, 8 being & svcond qudrant anele, Fron Fig (hs 
‘sin [Are cos (-2/3)] = sin = ¥/3. 
6) Wet @ © Are cin (3/4); then six @ =-0/4, 6 betne a fourth quadrant ance. Prem Pub. (e)y 
tan [Are sin (=3/4)) » tan 8 > v7 = 39/7. 


Rraluate in Arc sin 12/13 + Arc in 4's). 


Y y 
tet @ = are sin 10/13 aad 
= Are sin 43. 
‘een sin 8 « 12/19 ant sind = 4/5, 8 amt Sie 
# being first quadrant angles, Prae the ai wf |e 
‘olning theures, 
AIM + Amaia gn) = sie = ey 7 "i 


raluate cos (Are tan 19/8 = Are sin 2/28)« 


Y a 

lat @ «Are tan 0/8 and 

Bo Ate alm 1738. 

‘wn tan 8 

f woane fe 
w/ bs 
hk 
7 x 


122 INVERSE TRIGONOMETINC FUNCTIONS 


B evaluate sinc Are tan mn, . 


Let 6 Are tan 3: them tan 6 = 3, 6 betng 9 First quadrant anete, 
rm the adjouning fteure, 


joc2 are tan 3) » sin 26 al | 
<2 5in Feo 8 
+ 237TH) (WT 
us Ce 1 


9. tow that Are aim WB Are ain 25 = was 


tot @ = are sin v8 amd = are ain ays? 3 
thon ain 8 = 1\/B and stn é = 3//Syeueh anale 
terninating in the Etest quadrant,” be are to 

om that Bd» W/o, tablog the sihen of 
oth wvators, that win (Be 2) = ain wz. . o/ |, 
‘ron the adjoteing figures, aa 

nhs) © tn cand v ce Sine » 7 - a 


Tilaa 
BA aa 


sae sinea 


10, Show that 2 Are tan /2'> Are tam 4/3. 


Lat G = Are tan 1/2 and ¢ = Arc tan 4/2: then tan 8 


a and tan = aa. 


we are to. or, taking the tangents of toth aeabers, that tan 28 + tan dy 


oe tan 26 = PEE. 213 


43 «tae. 


+ Sow that Are sin TI/85 ~ Are aie a5 = Are cos 18/17. 


Itt Lea. Let 


Lot = Are ain 71/835 & = Are si 3/3, and? = Are com aW/ 3: thon sin = 77/48, nin d= 
4%, aod con? = 18/17, cach angle Cerainacine in the First gairan,. Taking the alam OF WOCh 
‘nr of the eiven telat en, we are to show that ain (0 —) simu. From the Cheuron, 


min =o) = ve 


48, ow that Are cot 42/02 - Are tan 1/4 = Are com 12/12. y 
lt 8 = Are cot 42/32, 4 = Are tan 1/4, and = Are coe 13/13 
then cot 8 = aa/aa, tan d > 1/4, and cory = 12/13, each an 
feraiontine un the Tirst quvirant. Tatine the tangest of both t= 
tags of the given relation, we are to abow that tan(®— 2)" tan Vy 


fen O= tame ay s * 
stuns a5 cents 
Te tGtes i- armas 2 iy 


tana = 8) = 
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13. Show that are tan 1/2» Are tam 1/5 = Are tan VB = Bite 
We sell how tant are tan W/2 + Are tam L/S. = 1/4 — AE tan 1/8, 
views 1 
Tamas * 3 
leu 7, 
mim 


tan Are tan 4/2 + Aro tan W/5) = 


nt tan (14 = Are tan 7a) = 


‘Me show that Are tan 1/2 + Are tam 1/7 = Aro nee VSK/5 + Are one oR. 


y y 


& 


x oo + 1 


Let 6 «Arc tan 1/35 $= Are tan UT. hs dre see VSH/S, andy = Are ene YH; then tan 8 « 
U3, tan d= 1/7, ae A= VOWS, and ese g + VAT, wach angle tareinating inthe iret quadrant, 


see ae to stow that 


tmna6-tad at 


ad, wring the figures abore, tan (A sb) = 
‘: Cory 


15, Pind the general value of each of the fotloring. 


4) are sin vO/2 = w/t done Oe) Deed) are ste (4) = =m/2 + Ome 
1b) are com V2 ~ Ra's Sumy SRD one) are cor | N/2+ ant, OVD 1 Ont 
fe) are tan 0 > Duty (ese 1) are tan (v3) > R/S By aH + Bee 


‘Whore n tn u positive oF negative integer, of i aero, 


16. ow that tne aomeral aloe of) are sin = at +cat)" Are stm 
Hew cos sannws cms 
bites esoicees es ne 
are an any pontine or neat Inne, or meron 
1) ek O Arsh 2s Them alae sis (n=8) = sin 8 all values of are in «anv gtnity 
Teeter a an-bs ams cacin= se 
ton, som n= Dy thats 6a een Inter, 1) a9 be ait aK + = AN = NB: 
And'ehn'n's Sa ie hat nn tn an fd tote, 2) ag be writen at —@ ome + (1) 
‘hi, are win vt (oiPare ath ny sere min any ponte or teat iv inter ta PH 
1) tat = re cm te Tem sce con (6) = fon 6, all alo af arc con ate even Wy 
Gad and =geat or aes O bet Are cans) siren te say positive o© Metis 
tateer, or is sore, 
st 8 Are tans, Then since tant <9) = tan 6 all rune of are tan sare civen ty 
Beach ety t anes Oe Canctye ar, as ins ty nes are taney tere m te any 
fonitiv or native later. or iz ser. 


it INVERSE TRIGONOMETRIC UNCTIONS 


‘17s bxorees the gineral value of cach ofthe fuetons uf Prolon 16, osing thw form of Problien 16, 


fa) are ale V5/2 = ae Gye are ain (1) > A OW) 
1) ate eon U2 = am ns are con0 + news 

fe) are tan 0» mn Ppa tan ov) = a= Wa 
tere m8 any poasttve OF negative Integer, of ts zero, 


SUPPLEMENTARY PROBLEMS 


1B, Write Ue following 38 faverve Fumetion mtet ten, 
ay nln Bs 3/4, b) cons “he e) tama op cot R 6 1/2, 
nerd) B= are ain 4, by d= afecom (ye) x = are tan (on), d) Bare cot W/2 


19, Pind the priscteal value of each uf Ube futtowine, 


ny are ain v2 hee cot @) Are tan (=r) 7) Are eae 
) are eos (v/a) #) are min (2) A) Are cot 0 
1) are tan tS 1) dee ewe (U2) 1) ate see (v3) 


Anes 4) 8/By BY BR/My e) RG dy AAs 0) 81 A) BV EY =8/I, MY S/R =BH/A J) 0/2 
0, Evaluate each of the toltowine. 


4a) sin[tre sin (-1/2)) fi ssnare con se) Ave tan (cot 220%) 
1) eum are ena 73/2) ip) conlare sum (-12"13)) 1) Are eat (tan 100°) 
©) tanfAre tan 29) fy Suncare tan 2) ss) sind are sin 2/3) 
{) sinfare eas (= 12/2)) 1) are com (ata 2a?) fm cos(2 Are sin 9/5) 
fe) tan(are sin 0) 1) Are Looe -105°)] 2) sins Are cas 4/8) 


fer 2) 22 HAR OA V2 80. fa ase 
th im, gy, kv a, Uh ae, hav, en TI 8) 


2, sow that 


sin (are sin So are sie =) cos (are tan 2 + arc nin 18, = 8 

ain (are sin 4 in 
tas (are sin 3 are con 3) = 
! $ i “ie 


fe) ta (2 Are nin 


Ay wc Are ain 


sau that 
ay Are tan 2s are tan bs 01 Are com 2 6 are tan E 
2 ary B 
fs meta 2 = ) are ain 2 + 
fe ae tan 2-5 fy Are ain 2 + ae 
4 1s Lin 
0) are tan $= are tan t= E fe Are tan a + Are tant +E a> 0) 
a ra 2°35 a 
e tan ts are tan = © 
te tan Ee are tan E » E 


25. Prove: The aren of the seenent cut fru a circle of radius y ty a chord at a distance d from 
. da Eat 
the center ts eiven ty Kor are con 4 — ave 


CHAPTER 17 


‘Trigonometrie Equations 


TRIGONOMETRIC BULATIONS, 1.c., equations involving trigonometric functions of une 
knoen angles, are called 
fa) identical equations or identities, Uf they are satisfied by all valuon of 
‘the unknown angles for which the functions are defined; 
}) conditional wquat ions, OF equations, Lf they are satisfied only by partie~ 
‘lar values of the unknowe angles, 


For example: 9») sin x cxe «= 1 is an identity, being sutinfied ly every 
value of x for which ese x ts defined; 
4b) sin x = 0 1s a conditional equation since \t is not sat~ 
Iisfied hy x = de or $e. 


chapter we shall we the term ‘equation’ instead of 


Hereafter in thi 
eondi tional equal 


‘A SOLUTION OF A TRIGONOMETRIC EQUATION, as sin x= 0, is a value of the angle x 
which satisfies the equation. Two solutions of Sin x = are x=0 and x=m. 


If a given equation has one solution, it bas in general an unlimited nun 
ber of solutions. Thus, the complete solution of sin x= 0 is given by 


+20 


ote, = 
Where n is any positive or negative inteser or is zero. 


In this chapter we shall list only the particular solutions for which 
Osxe an 


PROCEDURES FOR SOLVING TRIGONOMETRIC EQUATIONS. There is no general ovthod for 
Solving trigonuastric equations. Three standard procedures are illustrated 
below and other procedures are introduced in the solved problems. 


A) The equation may be factorable. 


EXAWPLE 1. Solve in « 


Pactorings sina = 
eal to ner, m0 have 
ins = 0 ant a> 
1-2 x= 0 or con 


coe x= ine (1—2.c0m 4) © 0, ant netting euch tne 


fd and nn eas 


eh, Fors = 0 sine = 2aln x coe x © O30) = 0: 
fore eWay sive = Beinn cone = 30 = 289) © 65 
fora rh, sine ~Zoin sem a © 0~20)(-1) =O 
for 4298/3, ain e = 2aine cma oS 3-8) iH) © 


a. nae 


‘Tous, the roqutred sotutiens (0.4 4-6 26) are a 


1) The vartous functions cecurring in the equation may be expronied in term 
of w single function, 


sects + 2, Replacing sects ty te tanta, ww hve 
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geass qe tantes 2, tants = te and tame 24/0 


Prom tan x= 1/vTe x = 2/6 amd 70/6; from tan x =~ A/V, x= 51/6 and 1n/6_ After 
‘Chrckine cath of these Valoes 1s the orieleal eqgation, wind that the required sole 
Clone (0 52 eat) are r= 86, SV, TR, Le 


‘The necessity of the check is }HTestrated sn 


wus 


0 oF ln a « <4: then 9 =31V2. Mowerer, meitier one 4 ane tan # Ym doe 
fied whom = 31/3 and tie sauatton tas po solution, 


€) Both mabers of the equat fon are squared, 
RXAWLE 4. Solve 


Prom curs = 0, 22/2, 303; fron cme = 
Geek, Fors =o, sine scm sori 
for r= /2, Sinz scr 1-0 
fore 7302, Sine teu e ss 041 
‘Thus, the required solutions are x = 0, 5/2. 
‘The value + © 35/2, called an extraneoar solution, was Introduced ty Sauating the tea 


‘mabers, Rote that 1) is alo obtained swe toth waters of siux > coe = 1 are 
Suired and that = > 29/2 aataftes thls Totter relation, 


SOLVED PROBLEMS: 


Solve each of the trigunometrte equations 1-22 for all x such that O 5 4 < Bt. (Tf all solutions 
re required, adjoin a2nn, sherw in 29F0 oF any positive or negative Integer, to each result 
elven) In 8 miabor of the solutions, the detalte ot the check have been oalttedy 


so 
Ine V2 and xo m/e, Se, 


Day cone eo, 


Frm sina = 0.x = 05m: fram cone #0. 4 = w/a, IVE 
‘The requieed solutions are x + 0, 9/2, 8, 302. 


3. (tae ya siete 9) oo. 


Prom tame —1 = 0, tans 1 and xo 8/4, 58/4: fron 4 tn 


1/3. 597 
solutions are x = ¥/4, 9/2, 20/3, S4Y4, 41V3, 51/2. 


so, sine = 8 
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fe stn ¢ stn 2-0, 
Mrotorines  ¢ 


eye eres 


Prom Rin x + 2+ 0, sins -2 and there ts no solution; from sine 1 > 0, sine «1 
and e's 2, The required solution 45 » = 3/2. 


a conte = ni 


Pirst solution, Replacing sin'x hy 1 come, we tare 3 con's © 1 can 


Then cons * ¢ 1/2 and the required sclutions are x = 8/3, 20/3, 48/3, aan a hea 
‘Second Solution, Dividing the equation ty con's, we have 3s tan'n, Then tame = te 
andthe nolat on shove ne bande 
6 tainn = cert 
Iuliptyiog tbe eat ion ty nine, 2 sine = 1 > sin 4, and rvarranetng, we tayo 
aein's~ sina =f © (Dainese Heine = 1 =o 
Proe ins + 120, sine =-1/2 ants = FUG HIVE tro sin eB, 


Quek, Fors + R/2 Dainese es 2) = 2 
for © 9R/@ and Lele, sine ce x © 2-1/2) - 2) «1. 


‘The solutions are # = 5/2, 72/6, 11 


Transforming to sines and canines, and clearing of fractions, we taye 
Teen sins = 1/2 and x = 1/6, SVE 


ee Bafa = sia’ + coe 


Botan e + tects = 4. 


Imueiplying uy tans and roarrancine, tan" 


Frou tame -1=0, tans = 1 and x= 8/4, 5/4; from tan 
wae, 251° 


Coe, For xe n/A and siya, ane + Boot se Le Ul) 9 4: 
for + + 11°34" abd 251994", tan x + A cot x ='3'» 31/3) ° A 


‘Toe olutions are 48°. 11°24", 225°, s51°04'. 


<3 0, tane=3 ants = 


rete 
First Solution. Writhaa the equation tn the form sce syF —cot a aid squaring, we have 
eae + a= avd cat as cot, 


Aeplncing cocts by 1 eot%s and combining, this Wwcimen 3¥/] cot #360, Then cot» 
WA and 2 = 8/8, AN. 


conch, Pore © W/2, ene « 
for £ © 4n/a, exe 


owes A WE 
ot 4 = avi = AVE pv. Tee required solution 1s x =1/ 


Second Solution, Upon ming the Indicated replacemeat, the equation becomes 


= V5 and clearing of fractions, 1 + cone «sin a, 


sine 
‘Stuaring both mentors, we have 1 + 2 com a + coms = 3 nt 


saa seat or 
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dco tems -2 = 20cm 


rom Zoos -1=0, conn = 1/2 and x "5/3, 59/2; from cons o> 


owe = 9/3 Ls Ehe soiatn, Tho values x = % and 51/3 are to be excluded stoce eH mI 
ot defined white exc 51/2 ant cot 33 are both negative, 


Vine and sane 
= a atee = ac ~con'ny: 


Firat Solution, Putting tbe rquation Je the fore com x 
ave *, 


then, combining and factoring, 
A con's = 2 ene =2 = 22cm es Hie ey + 


Pram Bons 6450, coe =1/2 and a = 2G, 4n/3; from comet 


‘count ant «=O, 


tech, Por x = 
for 4 = 2/3, coe s = VA nin 
for 4 + 49/2, cone Vain 


cate = yEsins © 1 =v) = 
=U2 AWAD FAs 
Teal Gay = 


‘he required satutions are x = 0, 48/3. 


‘Second Solution. The Left sesber of Ue efven equation may be put in the fore 
‘nin 6 coe x + con Cain x = sint@ +2), 


1 3, 


eomtion tr r30, Leos + 3) sine 


4 whch @ ta & haowe angle, by dividing the ei 
1 


and setting sin = ant con 8» 24. store ats'Bveastoan, GP + CYP oa 


and y= 2, Nor cin 8 = 1/2, con 8 -—yG)2 so that the elven equttion map be sritton as 
in@ +a) +02 with @-30€ tan Ses -Sveex ~ are sin 1/2 = 16 SNE 19V5, 
VW/by oo andr = 20/3, 0, $03, 2, --+. A before, the required solutions are ==, 
a 

Note that + is the positive same root of the sue of the squares of the coefficients of 
oss and sin + shen Qe equation 1s written in the form scons being sc, thet tay 


oe 


fs erenter than 1 oF Lesh than 


‘Te qua ion W111 tave no solution Af 


UM. 208 4 <1 = sin 


Firat Solution, As In Prsbloe 10, 96 ets 


2ueso', 320°0'; fron ins. 


Frou $ aime +3 = 0, sina = 21/5 == 0.6000 and 

web unde = 8/2, 

eck, For a = R/2, 310) = 1 — 
for x = 21602". 2-03) 
foes = 30Pe',) 23} = 1 1-9/5). 


‘The required solutions are x = 9, 225°¢'. 
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wviding ty re Va 6 


Second Solution. Writing the equation a= ease stax 1 asd 
WB, te have 3 
1) Zeon 


ot ain @ + V5, con® = WW5: then 4) Hecomen 


sin con x + con B sins = sind © 


xP a x «are ain (AWS) «ae nin co.aeray = aM, asa?20, 
w?, 121°s ae berores 


qwationy tnvotvinu Multiple Ancien. 
12. sin =~ 47 
Since we require x much that O-£4 <2, 24 mak be auch that OF a4 < Gre 


‘hen Me = $/4y Th/ss 13/4, 1/4, TEI, IVA and 
S912, THAD 198/12, Suey Fede SHR/AZ. Bach OF thewe valuen Us « solution, 


AY. com ba = 


‘nce we reqsise x such that ©< 4 <2", dx mnt be noch thet OS de <n. 


‘Then be = n/a ant 4 = 203, 


As sin ae + cos « 
Substituting for Sin 2s, ye bave 2 stn cot e+ core = cone (Zain 
Prom cose = 0) f= —/2, 30: from sine =—1/2, = - 76, Ie 
‘The required solutions are x = U2, TR/6, 38/2, LIVE, 


‘15. 2 cox” bs = cos" 2, 
Substituting |» cosx for 2cue* dx, tbe equation becomes coe"s —cnsx— 1 = 0) then 
125 seo, 


con = 6180. Since com x caneot exceed 1, we consider com x > 


6100 


id obtain the solutions x = 139°s0", 231°". 


Note, To solve VB cos 42 = con x and = — cos 4, we square and obtain the ute 
‘Hon OF es problem, The solution of the first of Uese egaaitons ts 231°80" and the lie 
{en oF the wecond tm 128°10". 


16, con Be + cones ts 0 
‘Guat ituting 2 cons —1 for con 2x, me have 2 con's + com x = mx (2.COH K+ 1) © 0. 
Pron cone = 0, 8 95/2, 36/2: From come 1/2, 8825, 40/2 
‘The required solutions are « 6 6/2. 202, 9V2. 4172. 


Yee tan aes 2 ine 


hing tan ay = 28 2 + hae 
ca ee 
SMR SOS eine + aetne (SEE + 4) = Deine (SEEM, = 0, 
cos Br co a oe Be 
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From sins +0. 4 + O58; (ron cuex scam 25 scone +2eats—t = (2ouss—1)(0084 +4) 
2103) 88/3, aed. The requires salotions ares = 8. 1/3, M, SR/e 


16 win 2 + con Bey 


First Solution, at 31 + 8: then we are to satve 
D2 U4, A, OEM, UA and n= B/E I SUR, SIVA, LET are the solutions, 


Second Sulut an, Dividing hy ces 2, the equation becomes Lan 24 1 fOr WBIOh Be = 1/45 
sms. ae/4, 1904 a In the First solution, 


8 con® for 0 064% Then 


19, sn a8 = c08 An, 
Since con de = con 2124) © 1 2a? 2x, the enwation become 
Pewwas sain 2e = 1 © (2 stn ae = 1yentn dee 1) +O 


Prom 2 ein 2 = 150 oF sin Qe + 1/2. 2829/6, SUG, 196/6, 190/6 and x = 2, OR/IB, 
as0/12, 17/12: Frew sim dee 2 0 OF alm dee =f, Be = 30/2, 70/2 and a = BWA, T/A 
ALLE hone values ate solute, 


20, stn ae = ee 26, 
To avotd the substitution for sin 3¢, He use coe of the procedures below, 


Perst Solution, Since cos 2x = sin(Jt=2e) and alsa cos 2x sin(dt+2), we conider 
wy sin ae singe—2e), obtaining Se + 0/2 — 24, 51/2 ~ Ze, OR/2 — 2e, oad 
by sin ae = Stube sas), obtaining 26 = 2/2 = 2a, St/2 + 2, 6/2 « 20 

Pron a), Se = 2/2, 58/2, 92 8/3, 17/2 (since Sx < 10); and from hy, 2 + m/2 The 
eired solutions afe x + 9/10, 7/2 98/30, 139/30, 177/10. 


Second Solution. Since stn 2x = cos(de—3e) and cos 2x = c0s(-2e). we consiier 
cc) cos te = con(de =e), obtaining Se + U2, 50/2, 90/2, 138/2, 10/2, ana 
1b) comnts) = codm-3e), obtaining = = 1/3. an before, 


Since cot Ge = tanibn — Gx), se Comsiger the eguation tan 4x = tan(dn = Onye 
Then Ae = 1/2 = Ga, 38/2 ~ Gey S/R ~ Gre eves Uw function tan 8 beine Of period 
‘Thus, 10s = 0/3, 30/2. S/R, TAR, U3, Hoey AYE and te reaulred wolutlons wre 
By BR Ride BRU BIe voee BUH, 
#2. sin ae ~ ain ae ~ stn = 0. 


placing sim Sx ~ sin de ty 2 com de sin x (Chapter 12), the ¥en equation cian 
‘Seon 4eins-siny = sins (2conde=1) » O 


Prom ain x = Oy 4 0, 8: from 2608 4e=1 > 0 OF com 44 = 1/2 44 = 9/8 OW, TRV 
U4a/M, 19/3. ITH/3, M/A, DUI an = AD, B/D, PYAR, LV, 12, 19/12, LOO, 
VIL. ach of the valuen obtained te x solution 


Gyr ain G:F tars ro ant 000 2% 


33. tote tne wate (Hate So F 


Squaring the tau eatin and adding, r¥ ain @ +r? cm B= 7? = 13 and r= VER» 35608 
hen 7» 0, sin 0 wad cos 8 are both > 9 and 8 48 acute, 
Dividing (1) my (2), tam B= 2/9 = 0.6667 and = 2°41". 
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ay rsin goa 


A, sorve he ayaten forr>0 and of Bean, 


biviing 2) oy hg = AEZEEED we Gatto enna 0 at 
G2nnesacane- 1) +0 


Prom 2Ain8~ 1+ 0, sin = V2, B= AOand SKE: sine (1). r(4/2) «9 aM y= Ge 
Note that Zain @ + a=" ie melubed since aber > 9, sin 6 > 0 hy (lhe 


‘he owen 


jn are BRE roe and ost 


() wins a8 82 tee gg 


85. moe the writen Ca) fons + con = 18 


yer 


‘Soe nach sim om the eft ts greater than 1, eaeh of the four functions 14 poultive and 
both andy ace acute. 


sine the appropriate foreulas of Chapter 12, e0 obtain 


Dividing (1") ty (ah, 9.9000 ant Seay) = a0" 


since 462+) Is alse acute, 
Subst tut ine for sin 3¢x+y) = 0.6246 An (1), we have cos 4te=y) 
fey) = 1 
Ten x= Heoy) 6 Hany) = S52 and y= dey) — dee-y) = 2a 


26, solve are cos 2e = Are sin x, 


If» An positive, a + Arc cos Br ad @ + Are sin « lerwinste im quadrant 1: if x te egt- 
1 erminates in qadrant If and P teraloates in quadrant IY. Thus, x must be positive, 


For x positive, sin f= and con Br Vi-s%. Taking the casioe of both mesters of the 
fives eau, #6 bave 


tay 


concAre com 28} > com(Are sin x) + con® or 2s + Vina 
Saaring, 42? = t= a2, gu? = 1, ant x o¥/8/9 © O4eTR, 


Cwek, Are con Bx = Are con 0.8044 = 26°30" ~ Are ain 0.4472, approximating the angle to 
th nearent 10", 


27. Solve Are conn? =1) = 2 Are con 8. 
Lat w= Are con(ae?=1) nt = Are con 4; them cum a+ x41 and con 8» 4, 
‘Tuking the comine of Yoth meabers of the given ensation, 

con a+ ae? = 1» con a8 = Bea" 1 2 a14)*-1 = 
band as tde 

(Check. Por 2 = +4, Are cor (= 4) 2 Are coed or 1B « 216) 


om a? 


2B, Solve Arc cos de — ArE coe # 1/3. 
fie posttive, 0 6 Are com 2x < ATC cons; MEAs seestive, Are cue 2x > Ate ot 
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‘Thus, x mast be negatives 
et = Arc con 3x and B= Arc cos x; then coma> 2, ind 

in B dime? since both « and F terminate im qusdrant 11, 
‘Thing the Conine af toth mabers of the eiven euation, 

Bat Ana A? © nya 


nae, 


Ana, com Ba an 


Wek, Are eve (1) = ARE Con (od) = = 3A = LR, 


29, Solve Are ai 26 = n= Are sim 4s 


Let a» Are nin 24 apd» are sin ae and san 
8 terminate in qoudrant 1¥; thas, + must be poutthve and B acwte, 


‘Thing the atne of both weabers of the eiven emt ion, 
sina + sine -f) = sin ¢x con 8 con dn sin 8 


o mi WEAIE be at eee = 


Vaan 43), and = = 0.2521, 
0.2527 = 14Pae' ant an — 43a + aan, 


ae. 
let a+ Are tan x ana 8 > Aretan(12); then tana= x and tan B+ tox, 
‘Taking the tangeot of both seers of the given eqstion, 


tan 6 


ania +8) = 


Two 324-4 e ae? a? 


Otek, Are tan $+ Aro tan (1 
fire tan 473 » Are tan 1.2333 > SPs". 


SUPPLEMENTARY PROBLEMS 


Solve och of the folowing eauat ine Tor atl x such that oS < 2m, 


Bh nine i anes we, Ba 
conte = 1 dn 


Ina com 2 8, nes 0, 1/25 Ry BU 


a4, se TU 


) Oe ne I, TA, BRM, 11806 


Wie aime = 120. nes 8/2, THe MINI 


37 con 


dnt. 0, AL 2 
Anes 3. Re SUD 


+ con 2s = 


98. 2 tan x sine — tan = 0, 
10, 2 con # = sec 4 3. 
40. Deine sere a 
Aosta 


$2, 400 1 = tama 


4B Deon ee aah 


Ines Scone Be o 
AG Le sine = peo, 
469 


ne Goon = 2 
in be = = v2. 
48 tan ae =, 

49; com 0/2 « Vir. 
80. cot 2/3» = Wi, 
SI. winx come = V2 


in a'g scone = 1, 
‘Sh. win 3e + xine 0, 
Bh, con 2 + con 24 = 0. 
BB, sla dev sin te 
56, C06 Se + cass 


St. wins + sin de ~ cur x > cones 


Bh r= asin 
r= econ 20 


BO. = 4 cos 0 
asin 28 


BR. r= agt ¢ cont 
rea 8 

‘Ve onct of the following emma tens. 

By Are tan 24 6 Ane tone = 24 

62, Are nine © Ano tam 4 9/2, 


3. Are nom a 6 Are tan © 8/26 


‘Solve ouch of the folloving systems for 
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Ans, 0, 6, 5 
Ane. 0, 4/2, 51/3 

dns, 26. UE SUS 

an. 0, 2 

sna 0 

ans. of, urn! 

fee. aa, 2s 

dns, 3052", 290° 

fos. woe, 202 

Ans 27%, 56, 9, LIVE 

Anes /A2, 50/1, 3/4 UR, APR/ Ay TA 


4 elven (interval 
anes 4. SE 

Anes 0, 272% 02 

pase We TRS. Be TS US 


233. a 
Arse Oy Ue PU. SRM, SA, SVS, THE 
Arse 3/8, V2, SEE SUR IV, TU 


Coneer 
B=See rai 


Bema re 


Aw 06 OORT HO Boao 
S256 rs a2 
O25 r= = vay2 
dn. Bo wa 


Oreos 


Anes 6 + 0.381 
+ 0.708 
rer 


CHAPTER 18 


Complex Numbers 


PURE IMAGINARY NUMURS. The square root of w negative number (1.5 yl, vB. v=B) 
14 culled a pure imaginary number. Stoce by deCinition y=R= YSiv=1 and’ y=D = 
is=1 = Wal, Mt Is convenient to Lotraduce the sysbo! i= 1 and to adopt 

V8 © iV5 and’ V=B = 3+ as the standard fore for these nunbors. 
‘The symbol / has the property s%=-1; and for tiuher integral powerk #0 

i = 1). Pou ecyrat Matias, ete, 
‘The use of the standard fore sisplities the operations on pure imginar ies 
‘and ¢Liminates the possibility of certain comon errors. This, voBv4 = y=I 
8) since y=Bv4 © 34(2)=6) but (—Bev—a # VIG since V—Bhv=d = (34)(2i) 

Git=-6. 


COMPLEX NUMBERS. A number abi, ebere a and b are real nunbers, 18 called a com 
plex ruber. The Tirst tere 2 ls called the real part ot the complex number 
‘nd the second term bé is called the pure imginary part. 
Complex nuabers my be thought of as including all real muabers and all 
pure Imiginary numbers. Por example, 5 = 5+0s and 31-0430. 
‘Two complet numbers 2+bi and c+d¥ are said ty be equal 4¥ and only if 
‘and 
The conjugate of a coaplex number 3 ¢hi is the complex nunber a—Bi, Thus, 
2¢0 and 2-34, 24s and 3-44 are yairs of conjusate complex numbers, 


ALGEBRAIC OPERATIONS. 


1) Addition. To sit txo complex nusbers, add the real parts and add the pure 
Inizinary parts. 


BRAWL 1. (2498) + 4-54) © (244) 4 (e814 = GBH 


Subtraction. To subtract two complex muabers, subtract the real parts and 
Subtract the pure Lmginary parts. 


Rxawpye 2. (2634) ~ (4-54) = (2-4) + (9-(-B)) = -BY RE 
3) Mul tip teation, To multiply two complex numbers, carry out, the multiplicn= 
Hon an It the nukhers sere ordinary Disooials al replace i by ats 


RAAMLK T, (2A R(A=84) © 8 26~15i7 = BeBe 15(-1) = 294 Bh 
4) Division. To divide t4o cosptex users, muLLiply both tumerator and de 


ominator of the fraction by the conjuste af the denominator, 


Desi 2 1,3, 

exawur 4. 2234 b- = 2s 
131” G=5n6 23 aa 

(Note the fore af the result; it 1s neither =2°22¢ nor J(74 294), 9 


a a 


(See Problems 1-9.) 
at 
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my be repre- 


RAPIIC REIRESENTATION CP COMPLEX MBIRS. The complex ousber X94 
F coordinates 


sented graphical ly by the point P (see Pig. 18-A) whose rect 
Bre (x,y)- 

‘The point 0, having coordinates (0,0) represents the complex nunber 0+ 04 
=0. ALI points on the x-atts have Coordinates of the form (x.0) and corres 
ond to real timbers x*01 x. Por this reason, Ube scuxis is called Une andy 
Df reals. Allpoints on Ue y-axis have coordinates of the form (0,9) aisl cor= 
Fespond to pure Anuginary tukbers Ory ys. The y-axis in called the axis of 
finnginarien. 7 ¢- on which the Complex nuabers aro represented 1 calLod 
the compen pl 


y y 


Fie eA Crary 


In addition to representing a complex number by a point fin the complex 
plane, the number may be represented (see Pig. 18-8) by the directed line seq 
ment or vector OP- 


GRAPHIC REPRESENTATION CF ADDITION AND SUBTRACTION. Let x, =",+y and, Ye 
be two complet nunbers. The vector representation of these nupbers (Pig. 18-C) 
Suggests the familiar parallelogran law for deteraining graphically the sum 
Byes (HH) + (Py 

Since sy, = (x, +i¥,)—(et HV) = (mH) (xs—iYe), the difference 2-2, 
of the two complex numbers say be obtained graphically’ by applying the paral 
Telogram law to ry iy, and —x,-1y,. (See Pig. 18D.) 

In Pig. 18-E both the sum OR= 1% rund the difference O5~ 2,~2, are shown, 
Note that the segments OS and P,P, (the other diagonal of OF,RP,) are equal, 


(See Problem 11.) 


Pin > 


136 COMPLEX NUMBERS 


POLAR OR TRIGONOMETRIC FORM OP COMPLEX MAMUEES. Let the complex number x +yi be 
‘represented (Pig. 18-F) ly the vector OP. This vector cand hence the complex 
funber) may be described in lere= of the Jength r of the vector at any pose 
itive angle @ xbich the vector makes with the positive x-ixis (axis Of pOBi= 
five reals). The nuaber v= 4&7)? 1s called the moduluy or absolute value. 
of the complex nuntier, The angle 8, called the amplitode of Ube comes tne 
ber, is usually chown as the smallest positive ancle for which tan 8 = y/x 

but'ut tines 1t will be found wore convenient to choose Some Other angi eo 

peti with At. 

rom Pie.18-P, x = reas 0 and y= sin; then ras syi= eco + ie min 

© ricoe 88 Fin Oy, We call # = r(com 0 + sing) the polar oF tesgenomet= 

He form and =< y4 the rectangular form of thw complex nunbir 2. 


y 


Fe ier 


EXAMPLE 5, Bapress = = 1 s+3 tm polar form, (Soe Fis. 18-6 above.) 


‘The nodutus 36 r= /(aFy =o =2. Since tan G = yx =-¥5/A =H, 
tne aoptitade © fs either 129° or a0? Now we how that P Ties im guadrant 
1; fenee, 8 = 200° ad the required pear form is > = r(cos @ + 1-3in 6) = 
aicor 300° = © stm 200°). Hote Chat 2 may alen be represented im polar form 
toys + 2(contao0" « east) = « sin(amd? > wa@i)], where m 15 any integer, 


RXAWPLE f Rapress Che omen mentee =~ a(cos 210° « sin Bio?) tn rectangular form 
‘Since cos 2uf°= -Vi/2 and sin a0" = -1/2, 
AME HAA, 


25 (coe 2007 » 4 stm 2id) © vi 


1 the roauieed rectangular form, ties SORES 


MULTIPLICATION AND DIVISION IN POLAK Fem. 


Multiplication. The sodulus of Uhe product of two complex numbors 4n the 
product Of thelr eodult, and the amplitue of the product in Une ai Of thet 
‘ano Lutes. 


Division. The modulus of the quotient of two complex nunbers tm tho modi 
Lup of the dividend divided by the modulus of the divisor, and the amplitude 
{the quotient is the asplituie of the dividend alaus the amplitude of the 
iyisor. For a proof of these theorems, see Problem 14. 


EXAWPLE 7. Pind 4) the pride 2424. 4) the guatieot 
sere ty = 2(e08 200 7 ot ait 20), 
2) he modus uf the protect ie 2(8) © 16. The amplitadn 16 200 + 210% = 
Sw but, following the convention, se shall use the anatlest positive com 
terminal angle S10? 260" 150". Thus ayy = 16(e0n 150" + 4 ain IOP) 


xy mil c) Ue quotient 4/24 
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8) the modulus of the quutlent s4/4gi5 2/8 = & sod the amplitude Us 200" ~ 
AMP = OP. Tous 24/25 > a(con a0 > + sin WP). 


©) The modulus of the quot lent sy/sy 8 4/2 = 4 
‘he aeplitede 4s 210" —3pg° =o but we shal} war Ube wma test pont 
ye coteraiaal anele =e? aah = 3a". Thus 
Selig = Aeon EWP 6 6 ain 2H, 


ote, Prom Examples 9 and the manbers are 
WF ant aye ave 


rectangular form, Toon 
Bul © (A= be avi-an « -adem 


foo 0° + 4 mtn a) 


ar 
+ (eon WP 


(See Proby 15-16.) 
De MOIVRE’S THEOREM, If » is any rational nusber, 
{e(cos 6 + 4 sin ayy = reas ne + 5 sin m6). 


‘A proof of this theorem is beyond the scope of this book; a verification for 
‘and n=3 is given in Proble= 17. 


= (2(ene mu? = + stm 200%) 
= Peon aah + x im 10-3) 
eo 


BEAWPLe 8. (3 


saraca2 + 972) 


«sas sin. (See Prob. 18.) 


ROOTS OF COMPLEX NUMBERS. Wo state, without proof, the theorem: A complex nusber 
‘abi = r(cos 8 + i sin 0) has exactly m distinct nth roots. 


‘The procedure for determining these roots is eiven in Example 9, 


EXAMPLE 9. Pind all Fith roots of 441. 


‘The woval polar form of 444 4% 4y3(com 315° + 1 KAN 315%) but we ata 
eed the wore eeneral fore 


4B [eon ats?» a0") «  sincais® + keds) 
tere ts aay integer, Inelutine zor, 
(Dune De Molvee’s theormm, 4 EM ret of 4-44 Ke elven by 


{4d [ooncais® + ka@d") = + samcats? + k60?)))? 
= a eon ME AIOP gyy 18s tae? 
= Piles" + ae) = + sums? 472?) ]. 
Jesiening im turn the valors b= 0,4.200+%. we find 


8) Bean ae 4 1 sin a) 
* VEtcom Fv 4 in 68) = Ry, ates 


Th the Five HSfEh roots are obtained ty as 


thane Vote He on a clrete of Faden 72 
er at the origin. “The difference te aptly of 
90 conaweutive roots 18 72". bene. the Foote Are 
ust Iy apace ye this cArete, as abn Ge Ube ade 


SOLVED PROBLEMS 


{In Probleme 1-6, purtore the unticated operations, simplify, and arite Ube ronalt 48 the form 


Ae (sea = (sete) = Gow) + ea = aoa 
2 em) easay = (6-cay] aay = 5 
3. 2s @=2H) = (6-2) = C4-aye = Ba 
4. @eayaamy = pes = 
5 Ld | dean aia 
2 Gna 
= iy 
3 
TT Wind x and y such that 26 = yt 4 + ahs 
Were ae = 4 an ay 9 25 thew ant ye ae 


A on 


tthe conjugate complex mamery 2=\ and 3-4 are roots of the auadratie equttion 
Paar bee 


Paanues = 


Fors saeu aoa -aaey ea = aeaey 


Pores ane Ren? anne b ena 
‘ince wach number satisfies the caution, It Un A root of the equation. 


Pere ie 


‘0% that Che Conluaate of the wae of bw complex sumbers equ Lo Khe im ut Chee eonjie 


et the compton sunters te 2h ant edie Theke 
agate of the ne Ln asc) =(be dye 


te quscyediedht an the 060s 


‘Th comjagates uf the the elves mars are abt and ends, and Ueie sum to 
fesede bade (ae) —(hedjee 
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10 epresont sraphicatty (a5 a vector) the foliovine compen munbers: 
Op 86a, MW) 2\y c)aBety d) “Bede 

We locate, 18 tun 

Join each to the or 


‘he points whase coordinates are 


(2et)e (Be Led) an 


A, Petare graphieatly the foltowieg operations: 
wy eats reese ae) a= 


uray aed. b asay-a-n 


eae 


© 


or) db), day ts a Fie. e) and (ty the tao yectors and apply the paraiietogran tae, 


ore) draw the vectors representing 424 and -2 
as An Pies tehe 


sod apis the puradtetoeran tam 


‘Yor d) drow the weotars represeating 494 sid -2+4 and apply Gh paralletogran iH 


12, press marl of the oLLoeine compos wambers = tn polar form: 
wate, by 650, e) En2, WB > oor, 


ora, fy anne 


1) P Adee in the svcend yuna + « Vici > (AYP = % tan @ = YA/nt = ~ yA and @ + 120%, 
Thun 4 (c00 13 + 8 win La 


1 P tion in ve Eoese teants 9 Vie = 1B: tan Oo w/eVT © YE and O + a0, 
“thin, = 13(co8 39? + 4 sin BP) 


1) P ties in the fourth quadrants v= YSPC CaF = 2%; tan = a2 1 and B+ 2, 
‘Tain, e = BV (coe 318° + « sin 38). 


4) P es on the nogative sensi and B = ams r= Via 
Tun, 2 = 3(208 160? + 4 ste LA) 


oe 


140 


1. 


te 


10 P Lies on the positive gnats and B « po 
Toy 2 = (con WP ae 


1) P Aten nthe tnard amarants + Yeas (a) © 8: tan 8 ayaa = 1am, 


Thun, 2 9(co 238°H" + sim SPN 
Express neh of the following complex manters «tn rectaneular form: 
sy acu 34 4 4 sin 34) aco Ost atm 20s 
1) dfeon ate” + 4 5in 319") Seon 12eP oe st LP), 


9) a¢oon M0? 6 xin uP) + Aot/2 ea(evR/ay) = 2-204 

1) em M1 6 9in 31)» BAT teyvn) vB 

6) (008 08" im gO) = alos44ny) = an 

ty Seon 121° 64 9im 128) = 5{ 0.6487 + a,o.¥6O)] = ~2.0m9 + s.0¥00K 


Prove: 4) The notulus of the product of two complex misters 45 Ue srodkct of their milly 
tn Ube aaplitce of the product te the sun of thekr arglituden, 
‘yy The avalos of the uot et of teo complex sunbers Ls Lie malas of Ue died 
\ivided ty the modulus of the aviser, and the anplitue of Ube quotient ts the ane 
plitude of the dividend minus the anplitote ef thr divisor. 


Wot ay = ryfcos 8) +4 sim) and 2p = epic By + ein Be 
8) arse + ra(con By + 4 stm hjergieue By + 1 sim By 
+ ryralteos 8, com 8, ~ sin 6, sim 6) = v(sin 6, cor 6, + cos 8, sin Bi] 
ateTeos By) + 1 simi0, 48). 
py 0COm Bb + esto Gy) rafcoe + + sta too Gy = sin ip) 
alco Gy +t Alm Gy) ry(eme Oy + 4 mim Gyi(eoe Gy — x ln By) 


ertorn the indicated operutions, vine the resalt a both polar and rectangular form, 
sa) 5ceom ATO? + «9m 10") (eon 38" + 4 stm 38°) 


1) dteum WP o's sla 3m wo 4 ain ay 
4) oo 1 + ea 10)» Sor 242° + tte 21F) E 
eon 09" sin et) 
Atm 2a «esto 290) '¢ eon WP © stn a) 
7h Wtcon am? 4 ses 


©) Toe modulus of the prot ts 3¢4) © 5 amd the amplitude 40 17a 59° «2, 

1 wlar form the pratuce 4s Seon 225° 1c nin 258°) and to Fertangelar fore the pepe 
1 5(-V/2 079m) © esa - suv. 
‘hy Te mcutos of the products 2(3) + 6 and the aaplitude 48 so? 40° + ws 

mn polar fen the predact $8 6(ean sg? 6 4 ain iP) and im rortangular for MU ta 6(04+4) 
1) Th mndulus of the product (4) ~ 2 end the auplitude in 140° 212" « aoe", 

‘i polue form the rshct ie ajese 227° 1 sin 32°) and tn rectangular form At 1s 
80. — 61571) ~ 2.2640 ean. 
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4) The nothus of the nwotient A= 19/2.~ 5 and the anplitade 1s 2057-630 = 24°. 
In polar form the product ts Sco 240" + + stm 340°) and In rectangular form 1 1s 
SVE = 6/2) © -8/2- HV. 
19) The nosatus of the quut ent a6 4/2 ~ 2 and the anphitate as 2a? 40° = 100". 
{In polar form the quotient 1s aco tad? = « sim Tar) and in rectangular form WC 16 
are th «2 
1) Tw mosatun of the aot 
1m polar form the aot 
20.906) + 0.4200 


16 6/3 > 2 an the amplitude be 0°99" = 189. 
46 20008 1357 + «ate a8") and An rectangular Tow 4t dn 


xprews each of the nintors po 
sult in rectangular form, 


Bre naeas Dy Hew fame 
4 = Bev3y ia — BUI) eee 
Paar eeaeD — fpewaenay Gran ea—a 


8) Ee wT OA accom ta «6 sim sa) + feo a = 4 san a0) 
© Aeon IS in) eae HN) = wave 
Wy G6 —30V5)-2 = 2108) = beu aoe = + vtm aad) acon 2d + + nln 200") 
= lem Seo? Sb sin sh) = T+ O1) = a 
fe) (= 46) BVH 2) = (coe and" + = ain a0) + d(eme ASO + 5 im 50) 
> 2ieoe BWP SC sin BP) = vas b= edo 
(7B +0) = s(eam tan? = + stn te) = aie a5 « + stn ASP) 
2 coms tsinae = ava 
(3-31) + Gicos oo? 5 t sin se) = av2 (cos 2° + § sin z=) 
= fiees 2 + isin 2) = te 
DP) (Ls WAAL 6 103) = aco0 a = = ain) = 2emn Pv stn OF) 
2 fees Ia? deed) = 2-20 
By (2031) 268) = VB lcor a8Pan’ = « aie a9°4'y- YScems PBK! 4 stn 265K) 
> ViBicon 9°ts' = | sin oo"ss") 
WeS(OA063 + O.4GR28) = 4.001 + Tote = 467 
jy L132 — Vicon seo" = «vim soto") _ con anes! +o sun sustao! 
aw aoe) oo SOFT sv ain 0a 


oa 


6 


1 nin 14Pay" > Oonaqo + 0.90908 


Welt Motes theoram for = 


a 
Lat 4 © H(eon 8 + «ain 


Por me d> 2? = lego 0+ 4 sin 6))[rccom 
% 


+ Micm 8 (2 nin 8 com 89) © con 38-4 4 vin 38) 


Forme ay sh a eRe = (Freus 2 6 5 ain 33))[o(oue @ + « ain 0] 
= PSfteus 28 cos @ = xin 28 sin 8) + L4xin 26 cor 8 + cow 20 04n 0)] 


= Fem 8 


30. 


‘The theoren may be tablished for m= punitive integer ty satbewmt ical fnduet ton, 


42 


‘1B, evaluate each of the follow 


uw. 


COMPLEX. NUMBERS 
sing De Wotvre’s theores snd express each result tm rectane 
euler fore, a) Wa, OT, ers, ha ean, 


2) SOT = [200m a = C sin eo] = 24 con G0? =U stn 00) 


© Fico BWP se sie 20") = 8d 
b= 08 © (24eom 08 +t xan gay]? = accom ros? + 4 win 1636") 
© Sateen Ho" | 4 pin ZH?) = —16¥9 - 168 


ey et eae TYR com ns + 


(asa = (VT em 30 
© 1-0. 7008 ~ 0.71000) 


as")! » aaqoo 270° + 4 stn an) = <0 


sé) © afc 22%" + 1 nin aastaa'y 
Hie 9 = 120s 


ind the indieated roots o rectangular fore, evovpt shen thin would onowsajtete the use of 
tat 


) Sars rootsof 2=24v3 12) Poorth roots of 4 
a J) Sixth roots of 1 


1h) Fourth Foote of 
=} Cub roots of avo a 


(2) Poarth roots af 16 


1D) Gabe roots of 2 hy vitae roots of 130 
2) B= VG aeumcano” = aai”) «+ stncoad? kaa), 
ant pz -2iv)F «alec so + bum?) +» sinasd + #180"). 


Putting & = 0 and 1, the required roots are 
fy = neon iso ev sim sh) © BES dD = BoE 
fe = 2(om 300? < ssin ax?) = 2dv3— 40 = V— 1, 

sefeos(aea® » #2eP) + + sina + komP)) 

* . afeasiea? = Roo") + since? « vO). 


Putting & 0.1.23, the request rents are 
My = Bem ev sin ah) © abd = 168 
Me > Yeu we? © sin ia?) = bv edn) = =A 
My = W008 aa = nin au) = 2d =i = 
> Hom 0? + 4 sin a) = 24-8 = A 
AVE atv = emenas? + k3e0) +c sincnas? 30) 
WB WAN afeonast ona) «ain? « aye 


rth As Getede tbe rewired roots ate 
Ky = Mom 8? cate as) = 20s vy = veut 
My = 210 V6 + 91m 165%) 
Ky = lem as? 6 atm 2). 
a) 6 sinc + ney and AS 6 wou cata) + 4 
Putting H+ 0.1.25 the remzed roots are 
Ry = coring = 1 
fy cota ee sin ia? 2 8A 
hy > con uP + 6 aie aH? = 2 av. 


by bs ae? « 
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ote that AE + coe 200%) 6 4 ain 20m?) «Ry 

RE = con 20207) 6 4 stn 20000) = Ry. ad 

Illy = (con P+ 5 sim 120) com 240" + 4 nin 20) = con OP 4 4 nin Po Re 
6) 5 = com? « A307") «caine « ham) and C9 concay + ABP) vc nincaa? + ADO). 
Ta, he regu fonts are 

ee ee ee eee 

yw com M1 usin Py + con aad? + ain a, 
J) -1 + comin? 43H) scan? © 430%) snd ct)! + oncaee HOP) + «mina 40K"). 
‘That, the feautred roots are 

Nyce WP ata adobe 

Ny con 9 stn = 

iy = com 10 + 4 ate aa « 405 + 

Ry con 210 + 6 ain 200 + = he ~ 

Wy = com ao 6 6 nin zu? 

hy = con uP + 6 ste ane? + 4-48 
2 coe Um tin IMP ant thas Ry ad A are the sauare roots of 1: 


note that 
that Af = A} =) = oo oo? + 5 sin oo = + ant thee Ry, Ryo, are he cube roots of 4: and 
1 aad thes A.A, My AF8 the cube rots of =ts 


that A = 3 = WS « con a? « «ain 20? 
#) -A6e = tsleonczm > ese) + 2 sinyzah « k3e)] ant 
C160 = afeoscers + 490%) + « sincerd? < bau). Thus, the required roots are 
Ry + 2(com ON? = enim 6H) Ry = a)ron ae? +c stn ond) 
Ry = aicom 131i +c sin std?) Ry = 2icon art + 1 stn aH), 


hy teas = Vibleonems4! + k3e0) + 4 singta°se' + A360) and 

(1.234)" + 7a0 Coon 1ehtp' = 472%) = x sina" + kT), The reauired roots are 
Ry + VID (cow PIO + 4 sin 149") 

Ay» PiOcoon nePa9! + 6 sin ne 

Fiovcon 15010! « 


ey 


26 
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SUPPLEMENTARY PROBLEMS: 


erform Khe Indicated opeentions, writing the results ta the fore a bis 
* samy eee y= 375) = 6+ ays) + ave 
” reser ee (be Boag - + eae 

a 74-3) eats Bieaoa 

0 renee fae 2h sae 

a 76-3 

1 ary hy eae Peay 


® @-400 63 ae nce 
Wy @= MG 6 a0) 9 a0 

= 20t4 = low He o22*.n irae 
Dea a ey 4 aim 
‘Sow KhAe 3424 and a= 2e are rusts of 27 ge 13 = 


Porters eraphleally the followine operations, 


@ sans aean 
aay asa, 


9 asay-a+4 
eyreenea ben) 


ipreas each of the foltowine complex mabers is polar form. 


2) 4 > acon aah + 4 sin 1?) 
J) te = 20m ah e sln aT) 
fe) Ad + St > 13qeum 157"ay! nin 5758") 
by eat stoos auePse" = 4 sim mesa") 


8)'3 +38 aydeor 4s? + 4 sim as") 
by 1+ vai = 2008 oe = 6 sts) 

£) <3 — 24 » scoe 2 = 4 sie 20°) 
oh BW = 24000 HS + 4 ste IE) 


‘perform the indicated operation and express the results im the form atts 

1) 0s 25% « «sin 25°) a(con sn? = « sim amg?) = - 13¥3 — 12784 

by con 50° + « sim sa?) 2(c08 JP = « stn ag9P) = =4v3 + 48 

‘cos 190" + 1 sin a0?) 

ieee 

uy 121006 200» sin ae) 
Sica 350+ + alm 38) 


+ =a 


hw the polar form tn findiae each of the following protects and quotienta, and exprens each 
reault in the fore 


2) + 08 iv + 28 


1) GE =A HA ea) me 
tee, 
ae 


wen 


on 


a. 
p24 4am 
aw " es 


+ Oman + 0.90308 2 


1e,De Wolves Theorem ty eraleate wach of the following and exgtoms each result dn the form 


1) [2¢oon 6 + 4 vim V1" + 165 + aes 


1 Aas vay 


6) (Alcon 45% + vain WYN av gy ae awl = 596.9 m6 1K 
eet ew ws 
at 2, Weis 
‘i <2 at 
Rice eps Gia * awa 
©) W2= Wiayt « 1/2 ~ avi 
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(TT Pind alt the indicated rests, expressing the results In the fora +14 anlee” tables woul 
er meeded to do 0, 


4) The square roots of «. dns, Visas 2, HA WRID 
1) The sauare roots af 1» 6v dns, VBI WU, 2-2 

©) The cube roots of ay dnt et, = 10 

12) The cue routn of 271. ane, 3/3 030/2, -a¥iya + 34/2, 31 


6) The cube roots of =4¥5 + aie 
Ans. 3tcon MP + 6 ain 30%), 24000 170" 1m), 2¢608 300? + 4 ain 20°) 


A) The Fifth roots of Let. Anes *PR(oom GP = x tee), “PRceon Ot" » «min 81°), eto 
A) he iat roots of =VH6K. Ames Poon 25° 2571, Saycom an? + 1 nan as), ote, 


ind te Genth roots of 1 and show that tbe profect of aay two of thaw ts aeaie 
ant roots of 1. 


ot the 


‘29. Show Chat the Feotpeocal nf any oor Of the Unoth Foote of HAs AEALA Louth Foot of Ie 
‘90, Denote either of the comptex cube roots of 1 (Prablew 194) by and the ber by uy 
that dy - 6, and aged = 


M1 Stow that’ (cor 6 + 4 sin 8y"7 = cond — 4 sinins . 


08 


92. the the fact that the segments OS and yA, im Pig IG-E are egutl to devise u second proce 
ore for constructing tbe differeare QS + = ~ zp of to complex muniwrs 2 ant =. 


CHAPTER 19 


Topics from Solid Geometry 


‘TIE POINT OF INTERSECTION of a Line with a plano ix called the foot of the line, 
A Given Hine tn perpendicular to 4 avon plane, sbich It Intersects, tf 
wry’ Line in'the plane through the foot af tla given Ine is perpendicular 
to that Line. 
Tf 0 1ine 1 porpenticular to wach of two interseoting tines at thet potat 
of intorwection, it In perpendicular to the plane af the two Lines, Bee Pi 


4 


Pig. 19-4 Fis 19-8 Pie tee 


DINEIRAL ANGLES. When two Lines have one and only one point in common (Pis,19-B), 
‘they define four plane angles. when two planes have one and only one Line 19 
conson (Fig. 19-C), they define four dihedral angles. We shall restrict our 
attention to the dihedral angle 4-BC-p indicated by the heavy Lines of Pli~ 
lire 19-C. The planes ABC and MC are called the faces and the Line of inter~ 
section AC is called the edge of this dihedral angle. 

‘The plane angle formed by two Lines. one in each fuce of a dihedral angle, 
borpenticular to the edge at a common point is called the lane angle of the 
HWihedral angle, ‘The plane angle, as 2EFG of Pig.19-C, 1s taken as Ue masure 
of the dibidral angle A-BC-D. 

Ditedral angles are called acute, right, oF obtuse according ws thelr plane 
anglow are acute, right, of obtuse, 


‘TRIIRDAAL ANGLES. when three plages have one x 
lant only one point 1% commen, they. de- 
iti witht teshedeal onales: We shall 
rowtriot our attention Co the tritedral > 
Angle O-xYZ Indicated by the beavy Lites 
Of Pig. 19-D. The comon point o Is called 5 
the verter snd the planes ONY, O¥2, and 
2x ire called the Faces of this Urihe= 


dral angle. ‘the fhees, taken In pairs, 
orm three’ dihedral angles shose edges 
On, 0¥.02 are called the edges of the sae 
trihedral anele. The plane angles x” 


6 


SPHERICAL ANGLES, The plane section of a sphere 
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Yor, 20" in the faces of the trihedral angle are called 1ts Face angles. 


‘The sun of any two face angles of a tribedral angle is greater than the 
third face angle. Por a proof, sce Probles 1. 


‘The sum of the face asales of a Erihedral angle i= less Un JON". Por a 
proof, see Problem 2. 


iw acirele, Thin clrole (Pig.19-E) 1s cal led 
wgrent circle \f the intersecting plane 
passes through the center of the sphere: 
Stherelse, a mall circle, The poles ot such 
‘Actrote (great OF small) are the two points 
fof intersection with the sphere of that di- 
lunetor of the sphere which 1s perpendicular 
to the plane of the circle, In Pig. 19-k, F 
fand Prare poles of both the great and small 
Circles illustrated. Note that while P is 
‘the pole of many small circles (all, seall 
elreles defined by planes parallel ti 

it is the pole of only one great circle. 


Fie toe 


Two distinct points on a sphere (as 4 and 8 of Fig.19-F) which are not the 
extremities of a diaseter Iie on one and only one great circle. The shorter 
arc AB of this great circle is the shortest curve ‘on the sphere joining the 
‘two points. 


Pies ae 


‘The angle foreed by two Intorsecting arcs of great circles on a sphore is 
called a spherical angie. The great circle arcs are called the siden and their 
point of Intersection is called the vertex of the spherical ancle, A spheri- 
cal angle is measured by the dihedral angle foreed ly the planes of tho great 
circles whose ares are the sides of the spberical angle, In Fig. 19+G, AMM 1s 
‘4 spherical angle on the sphere of coter O and the circle ABC is the ereat 
circle having the vertex P of the spherteal angle as polv. Since the corres 
Donding dihedral angle A.0-B is measured by the plane angie AO# which in turn 
1s measured ty the arc AB, it follows that a spherical arjele ts measured by 
the ure intercepted by the sides on the great circle whose polw iy the vertex 
of the angle, 


‘SPHERICAL TRIANGLES. The portion of the surface of a sphere bounded ty the arcs of 


three great circles on it 1s called a spherical triangle. The bounding arcs. 
fare called the sides and the vertices of the three spherical angles are called 


‘TOPICS FROM SOLID GEOMETRY 


the vertices of the spherical triangle. We shall usually designate the vor= 
tices hy 4,8,€, and the corresponding opposite sides hy 9,h,c respectively. 


When the vertices 4.8,C of a spherical tri- 
angle (Pig. 19-Mt) are Joined to the center of 
the sphere, a trihedral angle O-ABC is Corsed. 
The sides 4,b,e of the spherieal triangle are 
Ieasured ty the Face angles BOC,CDA,ADB of this 
trihedral angle. The angles 4,8,C of the spher~ 
eal triangle are measured by the dihedral 
gles of the triedral angle — angle 4 is ana 
ured by the dihedral angle B-af-c, ote. 


Unless otherwise specitied, the spherical 
trinngles to be considered will be restricted 
to those for which each side und angle in Less 
than 180°, For such Ceiangles: 
1) The sum of any two sides is greater than the third side, 
2) The sum of the three sides is less than 360". 
(These thouress Tollow from corresponding theoreas regarding the face an- 
les of a tribodrel angle.) 
2) If two sides are equil, the angles opposite are equal and conversely, 
4) If tao sides are uneqail, the angles opposite are unequil and the greater 
tangle 1s opposite the ereater side, and conversely. 
(These theorems are intuitively evident and no forml proof is given.) 
5) The sum of the three angles is greater thun 180° and less than 540°. 
(A proof of this theorem in Problem 8 requires the use of the polar tric 
‘angle discussed im the next section.) 


The spherical excess E of a spherical trianele is the amount by which the 
sun of its angles exceeds 180°, Por example, for the spherical trinngle whose 
angles are A= 65", B= 75, C= 112°, 

Bs os +35 + ne = 190° = 72°. 


POLAK TRIANGLES. Let A,B,C be the vertices of a spherical triangle and construct 


the three great circles having these vertices 
lus poles. Denote by a" that intersection of the 

treat elreles havine Band Cas poles which Lex 
‘nthe Rane ite OF BC as does A; by A” that 
Intorswction of the great circles having C and 
Avan polo» shich Lien on the same side of CA as 
‘dows 4; anu ty C* that Intersection of the great 
elrelos having A and ax poles which lies on i 
tho sme side of Al ax doe C. The spherteal 


{Tianiie A'R'C! i4 called the polae triangle of - 
Alc. "Wo Shall donate ite sides by a°,B ye" us 
in Pg Del Pie wet 


‘The {undasontal theoress concerning polar triangles are: 
1) Tf A'RIC* As the polar triangle of asc, then ARC is the polar trivagle of 
A’B'C'. (Bor a proof, see Probles 5.) 
2) In two polar triangles, each angle of one of the triangles 48 equal to the 
supplement of the corresponding side of the other triangle: this, 
Asim 0 B= 1B 8 C= 1908 — «ct 
jae=b | C= mec. 


(Por a proof, see Probies 6.) 
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APPLICATIONS, In onivr to simplify certain calculations, it is customry to cou- 
sider the earth as sphere. The atis of rotation of this sphere intersects 
its surface in the north and south poles, F and P, of Fig.19-J. The 
circle having P, and P, as poles 1s called the equator. For any point A 
earth's surface distinct from the poles, the half circle P,AP, 4s called the 
hmeridion of A. The first oF peime meridian passes through the astronomical 
Observatory at Greenwich, Rngland, 


‘The latitude (lat. ) of A is the angular distance from the equitr to A. It 
4s measured either by the angle 4°04 or hy the arc A'A of the meridian of A. 
Latitude is designated north or south according as the point in question ts 
{in the northern or southern healsphere, ‘The difference in latitude between 
two point of Latitudes Zy and Ly. (ky > Ly), respectively tx Lynby If the 
points are in the sume hominphere and is L,+L, Af they are tn different two 
spheres, 

Small circles cut by planes perpendicular to the axis ure called parattels 
of latitude or parallels. All polnts on a parallel have the same latitude, 

‘The fongitude (Lons.) of A ts the angle (not greater than 180°) between th 
prime meridian and the seridian of A. It is seasured either by the arc o'4" 
intercepted on the equator hy the two seridians or hy the spherical ankle 


tween two points of Lonsitudes Ay and Ac, (he > Ay), respect vely ds hx Ay 
the points are in the sane direct ion from the prime meridian and is the saall- 
GF OF e+ hy and 360°—(Ar+h,) Af they are in different directions, 


‘The equator and prine meridian act as a pair of coordimte axes on the 
artis surface, the equator corresponding to the x-axis and the prise merid- 
an corresponding to the y-axis of a syste of rectangular coonfinates in a 
plane. The Iatitude and Ioogitude of a point 4 are the coordinates of 4 with 
Fespect to these axes, latitude corresponding to the y-coordinate and longi- 
tude t0 the x-coordinate, The designations north and south latitude and east 
fnd west longitude correspoad to positive and negative coordinates af a point 
ina plane, 


Pe orine weritian| 


ms Noy 


Crary ria. 


K 


‘The worlitians through teo points on the earth's surface and the won ler of 
tho great circle arcs Joining the points (Pix.19-k) fore (wo spherical tri 
angles APs— and AyB. Ina later chapter, one of these triangles will be used 
to determine the great circle distance (Jenath of arc AB) between the points 
These dixtances along great circle ares are usually eiven in nautical miles 
here, by definition, 


1" of great circle arc ~ 1 nautical aile = 000 feet. 
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If a ship or airplane is following a great circle track between two points, 
its course Is the angle shich the track sakes with the meridian of the ship 
of plane. In naval and air usage, the course is measured fron the north around 
‘through the east. 

ExAuPue, 9) In Pig. 19-L, a ship is to travel fron A to B. 

The initial course (course at a) is angle P.A# and the course 
on arrival (course at B) is angle PBC as marked, 

by 10 Pige19-%, & ship Is to travel from B to A, 
The initial course (at B) is angle MAA and the courne on ar- 
rival (at A) is angle PAC as marked, 


me 
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SOLVED PROBLEMS 


1. Prove: The sum of any tno face angles of = tribedral ancle 4 o 
‘eater than the third face angle. 
‘he theorem is true LF the three face angles are equal. %e 
shall consider then s tribedral ane (-fIZ t= which 2407 t= 
treater than etther of the other two face angles. On (take 
Sy point 4, on OF tale ay point and on AB tahe Douek that 


Zaob = £NO2. 00 C2 take Caen tht OC = 00. eta A na XI 
tec. 
In the triangle ABC, ACS CR > AB. ABAD awd acess Fe if 


40 +08. Since the triangles AUC and 400 srw cuore, AL) =AC, 
bance, ACER > ACR and CR > DB 
‘Tom, since sides O0 ant Of of teiasgle (48 are equal re= 
ageetively to sides OC abd Of af triangle OCB, COMB > 2D. 
y construction, 2400 = ZAUD. ence, 
ENO + 2008» £400 = 2108 « £408 
ich wan to be prove. 


2, Prove: The su of the fice angles of « tribedral angie 40 teas 0 


than 36, 


(Om the edues of the tritedral ance O-1YZ tobe points A.B 
. We Firat pote that Ubeen are Ghrer triangles #ith verte 0 
And that the sm of Ube angles uf Ube triangies te 3-187 = 
Sao: that 
208 = B00 + ZOOM + (ZOKB = ZO) 
S (20M = 20) = \20Ek + Ort) = SA yy 

. £0uh > Lone > £8AC, 

206A < Zac + ZANE, soa 

ora + Zoce > Zac: 
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‘Then 280 + 006 + ZOO + ZBAC + ZABC + EACH < S40" oF 
06 CON < Sto = (2A = ZAC = 2408). 

‘Since the sum In parentheses é© the sum of the angles of the triangle ABC 
EAOH + £tOC + ECON € S80? = te = 26 ch wae to be proved, 


bor « 


3. Lat A nnd H ve two points of = grout circle on a szbere of 
pmter Oa Int be the pole of the gteat cheele, Con 
AUFWCE and nolve the apertcat riargte ARP when (a) Al) 
‘a and (0) AN = oP 


ola sot P seo 8 ant, pga cee 
ver pols on pnt trie aan of ent ; 
bole of the erat rele. AP = AF» ad te snore ae Es 
fies yor A tou Po 9B are'anaet Oyo ine 

Sle haps tt phd sae rote te ae pres 

fieaier pues tn A oP 

1) Tn apere tle APB oe Fe assred to the ple 

Salen oich te ten renee te read De 

‘te tae tring mare APP” oo ABs a 

ficaeacnsae seiko a. 

yor the obra tranle AM, AP = RO = AB = OP and A= = a 


4. th ouch of the foltoving state shether « spherical trganele ABC batiog the elven parts 1s poo 
sible: (a) AB = S0P, BC = TOP, CA - 10e= (by AR 35%, BC + 6S", CA- 100: (¢) AN © 150 
Bo to? cA ~ 130 

Yes; AB ® BC + CL < 369° and the sum of any t¥o sites 1s greater than the third. 

bro: Ant ace ca. 

fe) No: ABBE + CA> 20, 


5. prove: 10 4'8°C! 4s the polar triangle of ABC, then ABC i= 
the polar trinuete of 4° 


‘Since A 1s the pote of BC’ ant (18 the pote of 4's", 
Bi As 4 madrant's distance (90) tram A and. Teas, 12 
iw pote of re AC. Ine sisi lar manner it eay be Stow that 
A" ls the pole of are AC and ("In the pole uf a¥e AB. Then 
‘he trlansle ABC in ote of the ett trlangie= forwed by 
the rent ciretes vhose poles are 4° B'.C', ICABC te that 
‘me, of the nieht tetanglen called the ‘polar trianaie 
ABC’, Mt tw nwcensary that A and A" ie oe the same side 
OFC, that Hand Be on the sane sige of CA, ant 
tae C hind C sn the sane aide of A 


ly definitioe, # and B48 08 the sane side Of AC and 
‘tn Less than bp from any patnt on AC. Then, stoce f° o 
ay pont at AC, Band Bare 
‘ince B (the pole af A°C’) Ls WP rom any potnt on A°C', Wand 
‘the same alle of A'C*, Simtlariy tt may be show hat Aan A" 146 othe sage side 
ff WIC) and EAME C At Che ob the same side ot AH 


For the polar trisngles ARC and A'R'C’ of Fig. (a) above, wv stall prove tut 4" = 1 
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Exton the arcs A'A* ant 4'C" to met WC 48 D aml E respectively, Then are [Ein Ube eae 
sure of wage 4°. Now BE + DC = BC + OE =a.» 4° and, stoce ff 30 the pote of 42 and 
the pole oF A'D, RE DC = SP. Thos, eo A" = AMP and AY = 160, 


7: Pind the parts of the palnr triangle of tbe seberical Grjaneie for sich 
wy Ae IMPS, He RPM, Co Ps ws ASSe, be Taz + toa 

OA aon We ater, Casas aS ahah, bs Ne ac © 108K 
inne Whe theorem of Pree 6 

vA cam? a= 28s", «tm oP ae. Cr = Am = rian! 
ee oe ne a) 

Dy AT © toh == aaa, To am = OP. Co tae eat 
We ame AaB ta Se oa, ct tn 6 ha 


‘Prove: The san if the angles of & seterteat Lriangie 16 greater tan 126 and Teas than San 


lat ABC Ne the given spterieat trianele (pee Pik.) of Prob 6) and Unt A'H'C? be tbs por 
lar triangle, From the theorem nf Prablew 6, 


Mea eRe bh eet o AMP: bee, As Boo ate bteets HO, 
Nw ate beet 5 0 ao tat a= B= Cc Sa 
and” LBL et eae? a0 teat A BC > IB 


9. teach of the Fatlowine state whether 4 spberical triangle ABC bnving the given pacts 16 pote 
sible: (a) A= BP, B= WP, C= oP, AP. B= MS, C= M8": Ce) A= OO, B= OP, 
Ce a 
4) Yes 4+ BC = 2a ts between IB? and 540P shite the sites a! = 120%, 6 —aug?, of = 
(NP 0 the polar triangle satoty the condition that the sum of auy tno sies As greater than 
the third sige, 

1 No: th sides 
loa ise! > ay 


er ee 


ay", 6 = 6°, c= 8" of Ube polar triangle do not satisfy the condi 


10. Solve the spherical triangle, civen Tt . 
ems sn ghrnat wings a Wir aa 
oe ene ere ge 
Sienna ence 
mpm aemdne we oom irs (CL 
Perera ym - 


whoe, angles A and Hare rieht anetes, 
‘Toys, the renuive parts ares As Ho wh, C «wh 


411. seve the ookorteat trianate, etven A « Ho C= o6 


‘nee euch veetet is the pole of the great circle throwh Ue other tw, such VerkeX Ik 
1 quisnat's distance fram the other too vertices, Thin, a= b= «> Wh. 


12. Pind the aitterence in tonestte between 
2) New York (long. 7W°1.0" W) aod Pear! Warhor (Lone. 157/583" #). 
ty Ne York and Woscow (done. P34." ©). 

) New York and Sede (oe, 1517130 
1) Sydory ant Moscow. 
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‘The rrqutrod distances are: 

18) Ay = hy > 13H! — TH7HL0" 5 etsT.a", simee Roth are west, 
Wy ge he = PRO! 6 oP ae «Pas, 3! 
©) 00" = hy 9 hay = B00? — (astPsno" = a 
n= he = IPHB.O! = Fab Pa 


slnce ume Ik east ant the otter west, 
f= 130 s60'- 


48, Find tho distance (in name) Yetsoen cach AIF of younte oe the earths surface: 
Hy ACIMt, MRS" M Tones Ad Hy and MChat, 33°10" N. one. 407 Whe 
1) AGM, R87 8, tomes BOP ES nd AGHA, T5740" RL one 30 


CLA 


set AB = c—CA = 45) = 2a! ~ 200s a, 
1b) tm Pine), Ch = a0Pas", CB Te t0", aed AR C8 ~~ 105%25' © onas' = 6555 a.m, 
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SUPPLEMENTARY PROBLEMS: 


1H, Shoe that any tare angle f= Crihedral angie ts ereater than the HiCfervnee of the ether bwo 
fie anelesy int: se A=» Ce 


15 What can be said of the third race angle of « teibedral anate 
‘ay ten of the face angle are 70" aed MP respeetvel3¥ 


ns oP a 


1) UE the Hace Aneto ate 13g? and BO" rewpest ively? Anes 930%) oO 
1G, Tw 11 rowstbte to base « saberical triangle AIC shone ion are 
*) ta 1h? WP. HP WP Ye) AW, A, SP > ha By 


1. vi A pete 
ova 

Nal nee 

nay a) AT aaa, 

Oh a = sete 


=e 


1s (t possible to have a saberieal triangle ABC snse angles are: 
mF, ae? Nose. MI? ears, oe? A a 
nse ah gem, bh net) es cy 


v0 


19. The area of the surface of a sphere af ratios K 1s equal to eu. Tie area N of a spherical 
Urtanete on thie abere is gives by A. SIGE/Ig9, abere E iz the spherieal eatexs in degrees 
of the trinugle, mat portion of the area of a speere of radius 40 a5 bowed 1) etch of the 


monks ve 
dees A= 500035 13 


20. Find the diftereare Jn Joneitode betes 
1) San Francisco (Hone, 122157" W) aod Uakar «Lome, 177250 My 


1) Melbourne sit cape Tose. 
‘nee 0) VOH'SO.7"s ) OBASAA, ©) 35% 


22. Pi the distance (4H) tome) tetenwe onch pale of plots on the arth’ surf 
fy ACA. 40°40" Ni toma, A #) ant MCDA, HP2H" Ronee 130? Whe is 3089 
(hy ACM, 909" Ns Lone, MP ¥) and Beat. 3950" 6; Loe a #), Anes 4870 rane 
FACIE, WED" B Homes APE) and Bclat, sf 8: lene, 4 He Anes 2300 rom 


CHAPTER 20 


Right Spherical Triangles 


PORMLAS. A spherical triangle having one right angle is » 
Called a right spherical trianele= Por any such Uri- 
langle ABC, with the FLeht anutle afvays at C, the fol~ i 
Joring ten fundamental reat ious hold 


() sina = sin A sta 
(2) tan = tan A sin 
) (3) tan a = cow B tan 

(4) con € = cos b eos 
(8) com A © sin Boo 


(6) sin b = sin # sin € i 
(3) tan b= tan Bano 

(@) tan b = cos A tan e 

(9) em c= cot Acot BA 7 

(10) cos B= sin A cos 


Por u derivation of these formulas, see Problow ee 


LAWS OP QUADRANTS. If ina Fight spherical trianele the parts A and ¢ are know, 
the value of sin a is given by foreula (1), sin» ~ sin Asin c. Additional 
informtion is needed, however, to determine whether ls less thin oF greater 
than 60°. Such informition i= given hy the laws of quidrants 


1. Side» and angle A (also side & and angle B) are in the same quadrant. 

2 Ife ¢ 90°, then sides a and h (also angles A and #) are in the same qund~ 
Fant: if <'> 90°, then sides a and & (also angles 4 and 8) are in different 
Qquidrants. (Por'a proof of these laws, sce Problem 2) 


EXAMPLE 1. (2) 164 < 90° and © < So" then a,b,B are < 59? bot if > 90° then a < BP and 
) Spare > oP. 


(by TEA > BP and © < OF them abu are > wo but > OOP thew @ > ao? an 
bp are < 90°. 


NIPIER'S RULES. Using either of the devices shown in Figures 20-8 and 20-C, Napier 
fave rules for writing down the teo fundamental formulas. Figure 20-8 shows a 
Schematic triangle obtained from the spherical triungle of Pigure 20-A by re~ 
Placing © by come» 90°-c, Aly co-A = 90°—A, und B by co-B8 = MB. Note 
that the letter C is omitted, Pig. 20-C shows the five essential parts In FR, 
20-B arranged in w circl 


Fig. 20-8 te moe 
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v yarts and call it the middle part, eal the t9o- 
and call the two parts rom ining. opposite 


Select any one of the 

parts neat to It adjacent parr 

parts, Then Napiet’s Rules are. 

1, The sine of any middle part 1s equal to the product of the tanconts of the 
adjacent parts. 

‘The sino of any widdle part is mq to the product of the cosines of the 

‘opposite parts. 


oe aire part whe ones 
wv ctata 


EXAMPLE 2, Take bas the slate parts 


Ae ond 


sinh © tan geod) tam a = 00h A ta 


oom tan = tad stn be 


8 win es 


ne Wale 2, me bare 14): inh © com (COMM) com (Ome) = 


EXAMPLE 2, Tate cov! as tho alte part: them cose ant « are the adjacent par and ood 
and are the coponite sarts, ing Rule 1, © «tte 


te (oo) + tan (core) tah a, 


oy tang = cae B tan ce 
Wine Rule 2, stm (cod) = ce (e0-4) con & ar (10) eon B + Sin A com by 


Considering each of the five parts in turn as the middle part and proceed— 
{ing as in Examples 2 and J above, we obtain the ten fundamental formulas. See 
Problers 3-8. 


SOLUTIONS OF RIGHT SPHERICAL TRIANGLES. In addition to the right angle, two other 
farts of a right spherical triangle aust be given in order to deteraine it, 
‘When, however, txo seasures are chasen at random as these parts then 10 tri- 
angle, one triangle, or two triangles my be determined, Two triangles: (the 
‘ab gious case) will be possible only shen the given parts consist of a side 
(or 6) and the oppasite angle. See Problems 5-6. 
‘The following steps are suggested for solving right spherical Urianglen: 

4) Draw u schomtic triangle (Pig.20-R) and encirole the givem parts 

5) Write a formula relating the to given parts and an unknown part by apply 
ing the appropriate rule of Napier. 

©) Write m chock forsula connecting the three wnknown parti 

D) Apply the Laws of Quidrante eapectally whon a part ts to be found from 1% 
‘nine, 


EXAMPLE 4. Spee A» 68° and f= 116? of w eteht onorsol Urh= 
snele ABC are avon. 


Tw Cid a: Conair 9, coke and coll: 08 WU wie 
‘le part and a aad coo! are oprnive partas Th 


(cont) = con « 668 (eth, 


con = cone sin, oe 


~ coe = can A exe Me 


To Find bs consider 4, cont, aod cos cool An the de 
ile part ant band co°4 are opposite parts. Then 
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sim (eo) = a8 bcos (eet), con bh = comb sin A, 
amt hy cas home Bese ty 


cont a cot are 


‘To find c: Consider come, co-t uml conf; come ts the mln part 
SHEUME partes THe ay egret = tam gemet) Van (red, 


ante) cn = ut A cat Be 


‘To OMeh: Conahor the snknvan parts a,b an me; wove 44 Ab misty ark sit 9 an 
‘ew tounite parts. Thon sin (tw) vem Cm by 


oy a ¢ = con 0 00m be 


‘Tho following computing form, fount tn official publications of Lhe UB, 
Navy Doparbnent, #LLL he used here 


ol om te 
4 608 Lose 1 cot 

Lese 1 cos (a) eat m) 
1 cos —— 

1 eas mL cas o 

1 cvs oy 1 eos oy 


Note 1. The computing fore 1s to be filled im by rows. 
Note 2. The -10 after logarithes of mushers less thin 1 will be vaitted, 
Rote 3. If tables of log sec 6 and los csc 8 are not available, use 


tog see @ = toe —1— = colog cas 8 


and Tog ese 6 = colog sin 8. 


one 


Note 4. The Teter (a) following a logarithm indicates that ihe anti~loe~ 
farithw (natural function) 1s negative. The absence of this letter indicates 
that the anti-logariti Is positive. In findine a, cas A and ese B uro both 
Ponitive; hence, their product cos a is positive and a < 90°, In finding b, 
ge A Is pusitive and cos B is aegative: heace, Ubi pruduet’ coe Js eM 
lWtive and b > 90°. In Tinding e, cot A in positive and cot Mik negative; 
honco, their prodict cas c is negative and'e > 20°, 


Note 5. The check, obtained by comparing the two entries in the lant row, 
‘unnuron that the Logarithes of the wiknown parts are correct. 
‘See Problem 7=104 


AQUADRANTAL TRIANGLE 1s on» which tas one side equal to go". Tw nolved hy nuns 
Of its polar triangle (a right spherical triangle). See Problem 11, 


AN ISOSCELES SPIERICAL TRIANGLE is solved ly dividing it into two right spherical 
triangl ‘See Problem 12. 
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SOLVED PROBLEMS 


1, Derive the tou funlamnta! formulas for right spberical ¢rianeles, 


Ou sphere of center 0, et ABC te x right spberical triangle with sides a and 6 lou: than 
fa? doin) to the vertices of the trtaneie to fore the tribedral angle OAC. Through 8 
Imex a plane perpeadiculur to Ot meeting (in D and OM in E, 

Since Uf 1s perpendicular to the plane AOE. xt is perpendicular to the Lines EB and ED. 
‘Thus the triancies BED and DEO are rieht triangles with the rieit angles st, alsa 2BED te 
4 plane angle of the difedral angle &-O4-C api thos eeates angle 4 of the apberienl triangle, 

Since the plane BOE Is perpeodicular to OE, it ix perpendicular to the plane QAC through OF 
Now, the intersection of the two planes OBC and BT soth perpendicular tothe plane OIC, 1 
Leselt perpenticular to OIC. Thus, tFianeles BOO and ANE are right triangles witb the Tight 
sales at B, 


me _ oe 
1m the right trimagles BOO, BOE, aed neo: sina = MS - OF | 
00 3-2 a 
1a the right triaagtes 800. B0e, ant nen: tana = WB. BB. @ 
0” & 
«ew 
1m the eight triangles REO, DEO, sad B00: can = E . 
0, DED, ee o 
» » 
1m the eight trlanetos DMO, BDE, and neg: tan = HD 
DO, BOE, an We 2-2 @ 


ior hy panning « plane throueh 4 perpendicular to (5 and carrying through an argument ime 
‘ay to that stove, we wit] obtaie « set of four foreslas which any be derived fan th abowe 
four ty interchaneing « ant b, ant 4 and B. Formula (4) yields nothing new but Krom (1) 9” Ge 
ain (dy fron (2) we obtain (7), and from (a) we obtain (3). 


The pratvet Of (2) and (7) ts; tame tam So tan tan B sim a ain by Replnedng ta 8 by 


5° tn A tan Bs 


ty aims sind, 90 pave 


iis eatin 


com © = cot A cot Be ® 
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‘he proihct oF 48) ant cH) 


ain bcos d tame © tan bain 


sin Bian bsine | sinMowee | sinB (ror # om bh) 


cea Gabaae em cont 
or cm As sie R com 
1h a sinilar manore, wslne the proiuct of (1) and (a). 9 obtate 
ce Bs ste A con be ao 


Consider meet s right spberical triangle im which a > 90P ant A < wi, ws shown in Pies (8) 
Iwan. Prodicn the ute Kt wl BY tu aest aL A” at eonaser tr s¥eht pbereal Crane ABC 
In which oth 6 and ino"=a ure « of. ) for this trtangle roade s1n(1R0" = 9) = 
nin (16°) or sine ferme 4) eats com 3 


Pe ae 
mS 


‘Consider Finatty a right spherical trianele in which toth «and bare > of, a5 shown te 
Pig. (i) above, Produce the aren Gh ani CA to met tm C° spi coneider the right apberieal trie 
langle ABC! In which both IBP—e and ieg?—B are < 9. Formula (1) for thie triangle reads 
Sin Ca 0)" sin ia) sin cor sine = sin Asin cs! formula Fat, onc 


Derive the Laws of @undrusts. 


cosa 


Prom forme (5), sin B= SA. since B< 1m, in K As positives hence, eHther com @ 


fd con A are both punitive (Le, Dith « and A are < 90?) of they are both aeeative (1s 
Toth a and A are > OO"), A-aimiter argument using formula (10) establishes th second nart of 
the feat am, 


Prom formula (4), £08 © = con b com us Ife <P. com c Is positive: bones, ether con b 
land on «ate both ponitive of both meeative (lees, 4 ad b are in tho sue quadrant), if 
‘> 00°, con e tn negative; ener, com b and coma have oppnsite signs (Lies, «and b ure Am 
Wttereat quar. 


Welte the formulas for Funding 6, 8, and © wen w and A are qiven, Also te formule ineoiving 
the three required parte. 


For 6: Applying Rule 1 tthe parts cont, by ant a, 
smb = tan ceo) tame = cot A tan a. 
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Vor: Applying mute = 


he parts co, cost, amd ay 
f= (co-t} ~ com (cor) coe 6 


Thee cme A+ xin B con 


ot sin B > con A see 


Vor 2 Awlyine Rube 2 t the parts cont, «5 amt core, 
in a = con (eont) 208 (core) 


nt sine = algae A, 


Avplying Wile 2 to te reauired parts con, 6, and cone, 


b= com (eon com (eae) + stn B sin 6 


4A. weste the Cormilas for Cinline a, A, and 6 when © and Hace given, Ako the foraule \nyolving 
the Cove reguired parts. 


Yor A: Aoplyine Hule 1 to the parts cont, co, and cow, 
sim (core) = tam (ood) tam (cO-B). @ 
Then cone = cot A cot B ant cat A = cose tan By 
Por a: Applying Rule 1 to the parte cone, cow, amd a 
sin (co8) = tam (com) tan a 


Then cob = cote tune ant tne = cor Beane. 


or by Applying Rule 2 to the parts so-B, by amt cone, 


sim = coe (eoB) cae (ome) = sinB sine. cos 


Aoplying Male 4 to the unknown parts cont, 6, ast 
sin + tan (cont) tana = cot 4 tana, 


00 Fight wohorical Ertangle exists satisfying any one of the following cont Lions; 
Asbo  A=B eh oF Ba > oP 
ASUS IMP) Sins sine oF ain b> aime. 


0) Wy forme (a), cone = SEA «SUE AA, ee 4s Be WP, aA Ft Btice 
2B; Ue oe a> 1 and wo trina 

SEA SRI ey 4.6 > Zi, math A and Bare 

int com = oP) 5 

ne, Ue S86"=A And WP ae sca, Nm wutrntne ach Hd of he civ Inemlity 


fre i? He 0 Se MP A-< BoP Tem SEGRE 5 4 ant Keine ta, 


WP =A We arate, 


tes 


1) Wy formal (5). 


0 By Formutn (10), com b+ SEB $18 Go 

sea” ain BPA) 
hen cow» 1a oo trtance tx titernind. In sin ar mune, wine formula (3), St can 
be"tnonn chat 'notetasele state when B= A 


Mie As oo, BOP «Py 


4) By formule (1p, 
‘te, Ina sini 
abs eines 


dea ne, sim A > 1. ato triangle eke 
(6), st cae be show that oo trlanle yxists shen 
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Show that tx right spberical triangles my be Getermioed when © and 4 (or and Ih, both < 90? 
for both > 9°, are given, 


By formula (1), sine = sina/sinA. When wing < sind. sinc <1 and tw valuve of ey 
fone <M kl the other > WP, are drtersinnd, Tie lam of quadrants show that for Ue trl 
ingie having c < WP, b and H'tereinte Ap tbe sine quadrant aso and A, while for the (7 
Angle An whlch © > 90°, 6 and « (also and A) terminate An Aifterent quatrants, 


sasha, c= wae, ext 


+ Solve the Fight spherteal trlangtn ABC, elven 


{ WHCh @ am middle part and co-4 and come as opposite tarts, 


sn a = cou (cont) com (core) » tn A sin c 
ant sind + sine cae e, @ 
Por By With co-l an miite part and cove and = as adjacent sarts, 
sin (co) = tan (eo-e) tan 
ant con B = cot c tan met 


Uh cove wt mide part ant b amt « a6 cppcnite pares, 
sin (ome) = coc bea, cone = cus b cas 


ant curb = come see a, 


or chock: With cof as wiiile part ant co-t and b as opposite rarts, 
‘sin (co-B) = cos (cost) coe b 


and coe B = sin Acar by 
ry 5) 

eae sec o,1s05¢ 1 tan 0.01828 

= Behe coe 9.26041 1 cor 9.40087 

Ana? 2a 

be arsa 1 cos 5555 

Be was! 1 cm Seat 


‘ince © < 907, all parts Lerminate Jn the sane aundrant ax 0. 


Note. The order of the columns 1s determined hy the check formate, that part of the trian 
lo mppearing go the Left o€ the ebeck formula teing fount inthe lest column af the computing 
Torre 


Here. @ 


marta, 


trtanate ABC, given a + 10018 


1 Solve the right aphert 


Por A: Uh cont as middle part and co:8 and a as orgent 
) fin (cod) = con (00-8) com a 
ad cmd = sin fees, lo 


Ath « aa alddte part and co-# and b ac adjacent parts, 


sine = tan (co) tae by sine > cot B tan by 
ane tan b = sins tan, er, 


a 
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Por: NUN cool as mile part and «and cove 25 adjeceut parts, 
sn (20-8) = tan a tam (20-0), coe B > tana cot cy 
so cote > com Hoot as 
For check) 9th cont we mbit part and & amd cone as adjacent parts, 
In (wsd) ® tan b Kam (ermey 
wo cor A= tan beat es 
io) oy ay 
cok 9.842 (a) 1 60m 9.BUBHO (0) 
cou Gcapigg 1 N18 9 TOES 
1 cot Soa OH) 


4 = wor'sse" 


1 coe Bai) 


‘he required parts agree as to qudrasts: A> og? stare a » 9; b-< oP wince F< 6; 


© = (WP hier w tat & terminate in different quudrants, 


9, solve (he Fight spberieal telanete ABC, elven © = 7212.5, A 


wing ob 


@ 


For 2 With e as aie part and cont and cove as onposite parts, 
‘stm-a = cam (ews) cos (core) = sind sin 
or b: Nith cont us mise pare and 8 and conc as adyacat parts, 
‘sin (cot) = tanh tan (ene), com A= tan b cot ey 
and tam b + coe A tan e, 
(Por hs NICh cove ae mlatle part and cont and cot as adyacent parts, 
‘sin (core) = tam (cot) tan (cor), oon» cat A cot By 
oo cot B = core tan, 
Por check: AED ¢ a8 mlaile part aid coo amt b a adjacent parts, 
+ tam (coo) tan b= cot B tan b. 
) hy 
ered 1 tam se4zmt ca) 1 eon 9.96160 (2) 
es wha 1 tan 0.40363 


eee 9240510 


1 tan O05) 
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10, solve the rieht spberical trinete ANC, etven b = 12¥"46.t", 8 = 125°10.6". 


Por a: With e us mise part and con and 6 as adsacent parts, 
‘sina = tan (cont) ta 6 > cot 8 tan 6, 
or Az With coo! us aldo part and cond and b as ponte yarts, J X 
Ain (60-8) = cou (cont) com by con B = in A cam by 
om sin A > con B nee be 
Yor cz With b us mite part and cone and cout ax cpponite parte, 


b= em (ose) com (con) + alee aint 
a sine = in bese he 


or chock; HLEN & as mide part and cont and cove as oppenite parts, 
sim = can (cond) com (come) = ain Ah 


Slace every required gart 1s to be fund tron 
ts nine, too values for each are obtained. Tue 
two triangle are shown Up the adjacent ftasre, 
Since b> OP. 4, Aye HOP and cy > oP 
Agr oP ant ey < oP 


ay © « 
sec ota? (a) 1 sin 9.mtBs1 1 tan 9.94269 (9) 
Icon 6.76050 (=) ese 0.08757 1 cot S.84607 (a) 
Tom ear 

Tsim osoee Tsim S.o06t8 


Tim aT 


be Piss c= we 
+ ant! 6 = wh, 


11, solve the quutrantul spherical triangle ABC, elven > 1159246" 


tw firwt solve the polar triangle 4'B'C" of the elven triangle taving C 
Ae Wiha 643504", aid Bs Heb = HEPA. 


Yor a's Sh cook" an wide part and” ant con” ax opposite parce, 


s @ 


Por b'; Ath co-B! as aude part and 6! ant cont’ as opporite parts, 
“ 


con A = con a 


ia (cot!) = con a! con (con 
and cna + cond’ ese B'. 


sin (eos) « con 6 com (cont"). con B comb a 


ant coe b= eon Ht exe A's 


ror c': with cove’ ae aide part and cont’ and cow! as adjacent parts, 
sim (co") + tan (cont) tan (c0-8’) 
so conc! = cot A’ cot Be 
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or check: With covc' as wltle part ami <' and 6 as oppuaite parts, 
ate (cor) + cone! cos 


ant conc! + com a’ com by 
) “ on 
Leese O.o4419 1 cot 9.0766 
com 8.66482 (n) 1 cot 9.75008 ¢m) 
coe 9.73911 (um) 1 con OFOIT Tw) 
1 con 9:4037% (m) 1 eon 9279 CH) 


‘The requtred parts of the trial ANC are 
As uate? anPae.o', = am?" 


12, solve the tnencoles spherical triangle ABC. elven b +e > 547304, A= 11f?36,2". 


4 


> 


et the great circle through A and perpendicular to AC vet BC in P, Consider the risht 
soterical triangle ARD with right ante at D- 


or B: With cove as midile part and cond and cov8 as adjacent garts, 
fle (core) > tam (cosh) tan (oo), cose = col 4A cot 
ant ‘cou! = cone tan A. 
Por ja: ith Je ns middle part and cone and covst as opposite parts, 
sin Ja + con (cond) com (cure) > in 3A min ce 


Yor ms WIth coop as middle part aad cone and « as adjacent garts, 
‘sin (consd) = tan (cove) tan, ‘oon HM = cate ta ay 
au tan + cm bd tan ee 
Por check; NIth ju as middle part and con and m as adjacent parts, 
fin jo = tan (cos) tan a> cot B tan a, 


w ry ro 
Litem ovine Tee pris 1 sin 9.93011 
coe 9.7641 tan 0.14630 

1 co 9.98039 

1 an Sceooes 1 tan 0085 

1 sin Boe 1 ste aai66 
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1G. the initial course for s ereat etzcle track fron New 
York (lat, 4042.0" N, Jones 30°L.0"#) Ae A 2010.0" 
fir 0P10,0", Lovate cn the track the point M stich A 
Ioarest the north pole med tind the reat circle 
seem mutical sites) of M from the pole and ftom 
ew York. 


‘The shortest distance from the track to the north 
pote P is masured alone that aerian which t= ger= 
fendlcular to the rach. Tn the spberieal triangle 
NM. Mw, m= NP = P= 40a3.0" = ANP O" ad 
N+ 30P10.0': Py m and p are foauired. 


Por nt Ainn = con (corn) con (cow) 
nan 


Por P: in (comm) = tan (cosh) tan (con?) and cut P's com a tan Ne 


ror p= tn (cook) = tan (cosa) tan p and tan p » tan a cou hs 


‘Wt. the initial course for a great circle track from sn 
Praneisco, (iat. 3PAR5" MN, Tone. 12P24.0" 8) is 
1 4ePa0.0' ¥ or 229°30,0'. Locate the point M were 
the track crosses the equaiar and find tbe great cHt= 
le distance of M from San Francisco. 


SOLUTION 1, 1m the spherical Eriasete MSP, « 
= 00°, 5 + so? ~220%30 


(rinMt) trlanale MOS" in abled Ss Py a! = 1807 
S'AP30.0" und Mt = 19P—a = 13h UBS! to find 
aut 


or p's 94m (coW") = tan p tan (cone!) 
ant ‘an ps con tan +s es 
or Ph: mtn ceacs") > tan eos) tam (eo) 
na ‘cot P tan WP con 8's 
> “ 
Wes t2ams! 1 coe penutan cay 1 tam 0.13019 @) 
#2 amo 1 an s.anis0 8.8108 7 


sno 1 ten OctiBOe —— 
bs asezs.a" 1 cot Saad =) 


io 


5. 
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‘ruen P = 150? p= 236.1! aod p = tesP—P" = 4594.7", The Lonettude of M As 1229940" + 
PSH 1 = WAPRA Hand the dlotamce Of M fron Sam Francisco be p= 45°94,7 


SOLUTION 3. A solution someshat slapler than that elven above 
45 tained by coine the Fiske tvineale SAT” in ehich = > TS 
APAhs, S = LAST = 4090.0", and T > a. We seek = are aT, 
‘Which measures the ditferwnce in Lonettce tetween Mand Sand 
to ate WS. 

ors; lus = tan» tam (eosS) and ten e © sin 0 tan Sy 


Por 4: hn (eons) = taneo=t) tania and cot t+ cot # com 5, 


wees! 1 sin o.7ara8 cou! 
SS oPp0co" 1 tam .oms9 7 
we reye a! 4 tan BTR 


Pease? 


‘Toe Longitule of M is 122°24.0" = 27°98.1" = Asha" and the required distance tn t + 
a9'a4cy! = 2IM7 miles as before, 


Pind the initial course and the course oa arrivat for 
the great circle track frum Chicago (lat. 41°50.0" M, 
ong. BY°31.7" W) wich ceusees the mquetor tM (long. 
Piso! Ble Find the distance of M fron Caicaea, 


Ae tn Problon 16, this may be solved ty ating the 
polar (righ) triangle of the qudrastal triangle MCP 
fr ly using the right trisnele MCT. In this latter 
Heiasale, m= Are TC = 4050.0" and © + arcuT > 
waa, 


YorC: sin tan c tan co) = 
Yor: sine» tan tam (cos) ot 
cot Ws aine cot ee 
ort eae eco ot 
6+ wit! |e 
wo nsacr 


oa 


con Somme om he 


1 the courae on arrival tn 270" aza0.a! 
= 3044.5 ates. 


RIGHT SPHERICAL TRIANGLES 167 


SUPPLEMENTARY PROBLEMS 


‘Solve each of the Following right spherical trianeles ABC, An shiek © » 90°. 
160 = isaus', 6 + atn.s! dows A= Patea', We aPaea', 6 = 1130.2" 
Th a= a0%43.3!, B= tasPa4a" afi, be asPa.t', © © 140%.0" 


38s + mP25.2', A > oe s4.e 
Seared 


Ae smn! beat. 
Qo tied! 

Be ssia.0" fry 2 208402", bs 0.0". 6» 1888.2" 

» bor ana! Anes As 4895.8", B= P5508", 6 <I 

2, b= 120428", A ise Anes a ASP 35.7", © © ePsBe, M1001" 

Me c= Poa, B= oah38.2! Anse = NOP IR.2', be 2802.2", Ae IPL 

a eee st'o.0', As wins’, B= 152.2" 


26. b= s62Psa.s', 8 ss0Ps4.9! ne 9 P08, 1546, Ay stam 
sia. eyo 2eta', y= 1aePai2! 


at, bestur, c= 62 


A s0s0.5', B72 


Solve wach af the fotlueing quadeastal spherical triangles ABC, ta which © = 90°, 
a= wher, B= Pee fee. b= 1nFas.0", A= Sei, C= TLS! 
23.4 a¥sn.6', Bo us" o9" wian3', 6+ whan? C-ots2.7! 


90 eas. A= 5 es.8! ws, R-3e2', G-ueaes 
ioe. B= aia, = 6i05.5° 


‘olVe each of the Falloring isosceles spherical Urtanetes ABC. 
Sa b= was, C= ust mx. « 
$2 Beco aeszs', ose io Ane. be = saa, A+ 1sPa8.o 


1th testial course due east and 
on after 1 has nailed 335 


‘31, A ship Yoaves Now York (lat, a0Pe2. 
salts om a arvat circle 
ne, course, 92.3"; 


oats the plat ow the track wbleh in meureat the north pole. 
+ BuO. Ny one. 24 


BS. A whip Leaves Aclat, 36°30.0" Nz tenes 76°20.0" #) and, salting ona great eile are, cronten 
the efuntor at 00.0". Pind the initial course andthe distance traveled, 
Ant, course, 4° 22.3"; distance, 2640.9 8.8, 


CHAPTER 21 


Oblique Spherical Triangles — Standard Solutions 


AN OBLIQUE SIMERICAL TRIANGLE Is a spherical triangle, no one of whose angles tM a 
Tight angle. When any three of its parts are inown, the oblique spherical 
Lrtanele is determined except for possible aabiguities noted later. 

There ure six canes to be considered: 
Cane 1: Given the three sides, 
Cute If: Gives the three anil 
Gis IIT; Given tho sides and the included angle. 
Cake IV | Given Geo aneles and the inclised side, 
Gise V | Given tho sides and an angle opjasite one of them, 
Case VE: Given two angles and a side oppasite one of them, 


‘THE STANDARD PROCEDURES for solving and checking the several cases involve the use 
fof special formulas Listed below. 


sine _ sing 


aw OF SINGS. In any spherical triangle Alc, 1% 2 


For a derivation, see Probes 1. 


LAW OF COSINES FOR SIDES. In any spherical triangle 48C, 


cus 3 = cos bens © + sin Bin coos 4 
cmb = cor comatsine sin cu B 
cose = cos acts b+ sina sin b cue C, 


Por a derivation, see Problew 


LAW OF COSINES POR ANGLES. I any sphorieal triangle ABC, 


cos A= = con B con C ¥ sin Hain C con 
fos B= cm Com At sin CSI A cin 
fos € = = cos Aco B+ Ain A min B com c. 


Por a derivation, sew Problem 3, 


NAUMANGLE FORMULAS. In any spherical triangle ANC, 


tan 
singe 


tune 4 
nea 


where <= j(sbse) and tan 


Por a derivation, see Problen 4, 
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HALF-SIDE PORMULAS. 1) any spherical triangle ABC, 


tan e_ 
ces—m) 


cot = cot 


tank 
as SC) 


cot ye = 


whore $= §+e+c) and tan e ~ [SIS=A) CoS coe S=C) 


Por a derivation, gee Problew 5. 


GAUSS? OF DELAMBRE'S ANALOGIES. to any spherical triangle ABC, 


sin j=) _ sin So») sin JU +8) _ con Moby 
‘08 $C in be com IC ‘cos Fe 

co $U-m) sin 4+ cm $d) _ cos Ha+by 
sin $e sin fe sin ie cos He 


and other forms obtained by cyclic change of the letters. 
Por a derivation, see Problem 6. 


NAPIN'S ANALOGIES. In any spherical triangle 48C, 


tan $U=a) _ sin $10-b) tan (a—b) _ sin 4-) 
sot 3€ sin $278) tan de sin A+B) 
fan 44+) _ cos (2-5) tan Ha+b) _ cos 44-8) 
cot 4¢ eos (ab) tan de cos 4(4 +) 


land other form: obtained by evelic change of the Letters, 
Por @ derivation, see Probles 7, 


SOLVED PROBLEMS 


A. erivw the tow of inom. 
is 


Da 


Let ABC be any spherical triangle. (efor to Figures (a) and (by above.) Throagh C pans a 
rout circle perponlichlar toAH ertine tt ue D. Let CD 


(CD, ste = aie bain A, tm right tetanele BCD, sinh 


1m Fight trlane sina aint, 


sine sinB = sinbaint ant ES 
ores 
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sine sine 


mina” ain” 


Sinklariy, yassing » great circle throush & perpendicalar to AC, we tind 


rey ary 


Derive the Taw of contans fur sides, 


1 Figures (a) and (b) abow, Iet AD =m In the rlebt trianale ACD, 
(iy sina tanh cot 4, (2) aim AY aim bh wie 4, (2) con b= cm eon a 


1h the Fight telanete BCD, 
(1) Con's = coe h cm (cm ah © cook (come ema» wine 


nyse cam (oem 


008 (ane) 
‘uta 


son (1) and for con m from (2), 
fe tanh cot Ay» cam ccs hs ane min h cot Ay 


con a + conneone SEE a 
on 


‘and pute teat ine for sin W teow (2), 


cose © conc comb = wine xin b sin A cot A 
= wos cone = sin b sine con Ay 
‘he other formeine my be obtained by excite change of tbe letters, 


43. Derive the Jum of cosines for ancien. 


Consider the polar teianele 419°C" wt ABC for which a! ~ 1mIP—A, A’ = tna, ete, Apply 
tng the formola derived sm Probiex 3 to this triangle, we tare 


cae + sind! sinc’ coma! 


sand rocalting that ain (ise?) = stm 6 and con igo") =~ con 8, we net 
B sin C (~ cos a) 


= eos A = (cme BY cos C) = 5 
oe cond =~ cu Bewr€ + ai 
‘The other foroulas may be obtsined by cyeIle change af the Letters, 


in Cone, 


4A. oeriyn the lf-angte formulas. 


rom Uw ue of cotttes for aides (Problem 2), com e * con b con e + ain ate Con As 


= con b cone, 
oy 


we have cols 


shin nin e = con 
sinh sine ain bine 


com (hae) ~ com 9 | = 2.3in Jibmes4) sto 4b 
ne Taine 


cus a roe been ec , con a= (con b eww e = stn b ain) 
ain nine nis alae 
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Aico _ = Pain gtbacoar ain j-e-a) sin tsine 


Tema Gin bain © TPH Hes teed si Herb=e) 


ery 
Sin Siar b ve) ain d(eve—s) 


bac) sin jens) 


ince sin 4(b-e-8) © = aim Kee 


) and ata dta-bae) = = nia Sib ee—a)s 


Lat c= secbsers Ten de-b-e) = 


Toot 


laa ery 


Finally, detinine 


‘The other formulas my be obtained by cyclic change of letters. Note that» cyclte change 
of letters dots pot affect tas r= 


5. terivn the tatt-site formulas. 


‘Consider the polar trianete A'R‘C! of the spherical triangle ABC. 


tet a = dete bse) and tame 


Since oe! = 1P=A, A= ime, ete, 
#5 S190?) + a0? By « (14? Oy} = ZAP — AARC) ~ 2WP_S, were S = 446 Bo 


Teen sins! = sin (2WP~S) = — co S, 
= sin (20? -S— cin? A) = sin (90? (8-A)) = cas (SA, 
sing!= 6) = cos (SB), 


sing! ey = con (SC). 


ota > fees Sneeaee ateiet 


rom Probien 4, tan ba” © #5". then, wince 4° = s10!"—0, 
Saw==) 
tan 
tan joa) + cot geo 


fund nbtarly for the other formulas, 


6. Derive cuuns’ of Detonbre’s aralocios. 
‘row Probien 4, 


sings = [R= oma) (ES ere® 
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EScer tae) __faina sen 
cod oss ans eens wary ee 


Tan con gn + [OE 
Sines sine sine 
then 


suum ~ /eaectamesa fobramech . set [Renae 


Similarly, sin 3B 


sine ‘wine sin 


+ MBE ee 4c, 


Si «a fee 
Fr 


“xine nln b 


nd sin KA) © in 4A con 3B ~ com 34 


ns sinitar enue, wr my obtain formulas fer sin 3(4-1), cor S\A=)y and com 304 +B, 


1D. Derive mpier's anaton 


‘Urine the Delanure amatoctes 


mgm)» 


sin busi sn be ainda) 


Mon bons eae) Tingieth ainge * singyarny HO 
a . Made) 
vow be 
tan paety = MEEGSHD singe | _ uingu=m, 
‘in 3 0B) con be sin sh) 


‘Tho other analogies may be obtained 
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CASE I. 


B, Bolve the oblique spherical triangle ABC, given @ > L21°I5.4', B= WOPAKAT', = O82 


fe esboe © raha! 


a oy age « 
= ‘ 
Veeco 
1 one 
me nae escent 
1 ee ae 
1 tan GoD 
1 ea 
coe 
a Sduskim } tomes @ tenneon 
i oteeum 8 é 
ieee ioe 
case 11. 


1. solve the oblique spherical trianele ABC, civen A © 722.8, B= Tame", C= e212. 


Solution J, (Lt-nide formas) S$ sa spee) ae 


_ =SamEn ea , ferns n me 
age SRE ES 


tan tant tat 
cot te = a) cou = i) cot de = 
teas Oa | me a-o) 


174 OBLIQUE SPHERICAL TRIANGLES — STANDARD SOLUTIONS 
cy o m wo 
{com S.yom2 1 see 0,00208 
1 or 9.70972 1 see 0.20628 
1 coe 9.61281 
1 ye 025033, 
2.6008 
tant oe oomieee Kom Ssemese Toe BRE BH 
fee 1 cot ase 
feroceg 
ahs 430.2" 1 cot 0.0388 
eerccey —— 
des prea’ 1 cot 631448 
co aPane 
eek 
= tam oormo + 
A iecooim 8 
aoi000 


Solution 2. (Polae trianetey 
Consider the polar triatale 4'B'C’ An which a's 62x72", = wPaud!, ef = t21°9m8s 


cy tan rh = 
cy tan 3a! 
coma: EE 
see 
@ o ” 
1 ese 600308 
1 ee 0.20008 


og ue Nog BemBO 1 ES 
1 tan nae 

. 1 tn 0988 

. 1 tan 6a 


wei’ 
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case 111. 
10, Solve the spherical trianele ABC, even @ = 106953", c= 4216.71, B > 1165.2", 


mpier wmlogiens 


Por A.C: (1) tan $U9C) > con 4 
@) tan 3420) © sin 


2) see sae) cot 38 
1) ene Bae} cot 38 


Por b: (9) tangh + tam a¢ene) sim S60) ee 44-0) 


mck: MEE 
ind" xin” in 


dures 1 cms 9.32008 4 tan 9.70900 
dave = 1 see 0.5002 
ane cot S.m0812 1 cot 9.0313, 
sare = 2 tan 0.3055 1 sts 9.05170 
4-0) Titan Bm se OUTING 
He 
oe 
ab 1 an CS 
: peer ore 
‘heck: 
2 Tsim eenor = & Tstesomm <1 stn saree 
A Vescoomms  B tescoeum2 = CI csc ois 
ae ss osm 


+ Solve the spherical trlangte ABC, elven § = 119°, 


Nae > wrhaT.e', A» star 


(Uwpter analogies) 
Por B,C: (1) tam 4s) = con 4(b=c) see 4100) cot JA 


(2) tan $UB-€) = sin B(b—e} exe gil re) cot $A 
e 


-e) aie $UH+C) exe $un-C) 


do-e = weiio! 
bse) = 28.5" 
Ws Pine! 


fare = srt. 


1 tan peste 


1 tan 500078 


Tete gon 
Lesc oot B 


cory 
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CASE IV. 


12, Solve the obtiawe spherical triangle ABC, aiven A= aPst-6', B= Oa2.0°. © > Tehatnt!, 


Solution 1. apuer analogies) 
ee Sahad) tan de 


2 o 

AMA) = $950.0" 1 cow o.onea A sin s.otaos 1 tan 03040, 
BUA) = 5.6L nee O.2BKT tse O08 
UL t tan ovaasra 1 tan 9.00872 

Oso -sPn0" Ltn OT 1 tn 9.00556 

po 4 ese 1.00081 

1 cot 98865 

ee 

B esc o.eseu © © 1 cee 0.0062 


Solution 2. (Polar Triangle) 
CConsier the polar triangle A°B°C° in which a = 13°15. 
Ohepier analogies) 


Por A'sB': (hy tam $iA's By = con H(a'= Hy ane das) cot gC? 
Tu) cot 4c? 


ore ) exe 8a!) 
creck 
a e ” 
eos samnea tin g.01mm 1 tan 0300 
1 ese Ooo 
Vet ania 


1 ean 00008 


‘Then (he required parte of triamete ABC are 
= WPA = aTPHB8', b= 18 Bs 5aPtH.0 
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ABE Ve 
19, solve the oblige spherical triangte ABC, eiven a = ef'si2', «+ 115%s0.6', A> 7 a4! 
Por Cr sin = sine csea sin 


or B: cot bR = ain Sera) exe 44e—a) tan 410-4) 
Wor br tan gh = sin HCA) ose S024) tan dtc 


(Gwek! atm 4(C=A) alm Sh = in Se 0) co 38 


= st0.6! 
mae 2 
An orae Sloce ace, then Ac. 
Ge 105.0" (me sotetion 
sce 1 stn 9.00778, 
aca) 1 ese o. 40061 
Besa 2.00578 
e-a) 1 tan 9.40060 
a8 
. 
» 
rs 
Lstms.soma | se—=) = Paz! 1 sin 9.4rb0 
1 sins: 789 PB=aP a7) Leos g.0ims 
ces aaa 


“A, solve the oblique sphericar triamete ABC, eiven b= 81°42.9'. = SFIM.8', C= 425.1, 


sin B ~ sin bese cata 
eot4A © sin Sibec) eae Scho) tan 4UB-C) 
tan ba > min MBLC) ese $4B-C) tan 4(6=e) 


och: sim AC) winds = sin atb—e1 cond 


b= meas 
o* seine 
Co wa ‘since b >. then M96 
6 0.0" ‘To Solutions 
Bn? 0.0" 
4 
4» 
® © 
@4 Al BD». 
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oa a ) 
Har 1 stm s.ga0s2 
Hac) Tse 0.70046 
abe 1 san 9, 06408 
abe, Vitam sveume Lene e950 1 tan A: 


duy-e 1 tan 9.10903, 
ot 0.3607 


ewe = 
By-c) > ora Late oezmose Abe) = 0.27 
Ye, = Sms! 1 aie 9.4 Hy = rise! 
2-0) = ae dhe = eat 
ye, = 2s pee rg 
ASE VI. 


Wf. Solve the obtiqwe spberteat triangle ABC, gtven 4 = 35%52.8', I s@0.7!, 0 + 4Pan.e'. 


For hs slab = aise A aise 
Fore: tangy = sin Sts) exe SRA) tan $4 
For Ci cat $0) > sin $b) eae 30 


(Cench= cos ABAD cm $e = cow i 


Be setvo.7! 
Ae aaes! 
oa nce 4 < By thn ay 


= eas’ 
SPs! 


‘Too solutions 
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a 1G) cl 1G 
F sts s.vane 
Dtap gates 1 ese WLS 
bate ssn ain saga 
ese Oss 1 tan 9.25290 ese 0.75986 1 tan 9.20200 
1 an oR 
1 cot 
4 tn 9,03 
tan gowora 1 090 de 3010 
+ 1ea.0 1 tan OTT 
wari! 
1 cot a 
‘Tho details of the chick have eee ontttes, 
SUPPLEMENTARY PROBLEMS 
Solve the following oblique spherical triangles ABC. 
wma aes Ao sang, B= oP sre", C > sien! 


Pas. B > nasP2s 
20. Aw t10P 8, B > 27.8" 
DM As taePan.t!, Bs 62.8! 
w+ 1362.0, € = a1%46,3", B= 2S%a1.4! 
Bb p6tanea", c= 109°36.0 
A we GIST, 
25, > goPa2.7', © 
26a aria, # 
TW» 1090.7", 6 
28 w= paPs3.2", « 
BW. be afar, « 


Psat be ara, A= ePae2! 


Bh As 1isat', C= ae. «aan! 
82, A= oeta.8, Co aSaKt, © = 2Pm.a 


BB A= 10440,0", B= w.8", = = 12e"s0.8" 


A= sPea.s'. Botta! C= esi" 
A= Pans! Ba 1oeaTt, C= a8se! 


dass a Pas. b= 145.8", © = 028.0" 
Anes 6 = 11544.2', 6 ta e.6!, © « mPa 
des 0 = 196042.2', bo asa, © ES 


dna, bo srP aaa’, A= 1zP.1', C= 26aT3" 
Be want's C= 1.7" 
As 836.0", ¢ + aa! 


bo oP at's «= 9P16'. A= ores 
erat at 


b= svsne', 6 = oat’ 
<= PUB. As shan. 
© asPan.a', H+ ae ,0" 


sw 15.7, th = 121 
Peer rea err 
ee Pes 
ose OBL 


= ean! 
epee! 
+ G10 
Geen. 


CHAPTER 22 


Oblique Spherical Triangles ~ Alternate Solutions 


TW ALTEUNATE SOLUTIONS discussed here incluie the we of an additional function, 
called the laversine function, ant the separation of an oblique spherical tri 
tangle into tao right spherical triangles, 


A disadvantage to using haversines 18 that tables of natural and Logurith= 
nic haVersines are teeded along with the usual tables of trigonometric func 
Homi, An advantage 4= that, since there is a single positive angle lesx than 
100 having 4 given bavursine, the error of detersining a angle of wide 4 
‘the wrong quadrant is inpasstble. 


‘The importance of the right triangle procedure Lies in the thet that solu 
tons of Tight spherical Uriangles say be tabulated and weed to solve oblique 
spherical Urianeles, Por example, if the solutions of the right triangles, 
with given parts circled, of Fig. (o) and (b) have been tabulated, the solu: 
{Hon of the oblique triangle of Pig.(c) may be found as follows: 


o © 


1, Obtain the tabulated values of x, h, and B’ for the triangle of Pig. (a) 
2 In Fig.(b), hand y = —x are how known; obtain the tabulated valuss of 
c, and ie. 


3, Tho raauired parts of the oblique triangle of Pig.(c) are a, ; and & = 
ren. 


‘THE HAVERSINE PUNCTION. The haversine of an angle @, (hav 8), 
hay 8 = 4(1 ~ con 6). 

Yor cortain properties of this function, see Probles 1, 

The haversine function 1s weful in solving Cases 1 and 111 directly and 


in nolving the associated polar triangle in Cases 11 and 1V, Por this purpone 
{he following formulas are needed. 


dotined by 


hay A = sinc 
» hay 8 


) sings =e) c80 b exe e, 
Sin(s—c) sin(s—a) exe © ene a 


hay © = sin(s—a) sin(s—b) c90 @ exe by 


where © = Sa tbec), and 
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ay a = hav(b—c) + sin b sine hav A, 
2 hav & = hav(c~a) + sinc sina hay B, 
hay © = hav(a—b) + sin a sin b hav C, 


Por derivations, see Problem: 2 and 3. 


‘The uso Of Logarithmic haversines 1s illustrated in 


Exawpus 1. Use hay A, = win(s—6) sin(s—e) exe bese © to find A when 
= 55°28.0", B= 77°60", and 5 


Both natural and logarithaic haversines are required when formulas 2) are 
wed, 


BxAMPLE = huv(b—c) + sin sinc bay Ato find a when & = 
4926.7, © = 59°50.1", and A = 56°28. 


For convenience, let x = sin b sin c hav A so that the above formila be 
‘comes hay 9 = hav(b—e) + = 


w= sin bsin chav a hay 2 = havi(b—e) 4x 
b= 15x46.7' 1 sin 9.86569 bee = 72°56. hav 0.35398 
= s8°50.1' 1 sin 9.3681 = 0:14205, 
A= s6°28.4" 1 hav 9.34903, Es sina Banos 
x= 0.14205 Log 9.15243 


RIGHT TRIANGLE METHOD, This method of solving an oblique spherical triangle con- 
‘sists in applying Napier's rules to the two right spherical triangles forsed 
by passing & great circle through one vertex of the given triangle perpen- 
iiteular to the side oppasite the vertex. This perpendicular meets the great 
Circle of which the side is an are in two points. Since each side Of an ob- 
Ligue spherical triangle is less than 180%, either just one of these points 
falls within the triangle or both points fall outside, The two cases are 
shown in Pig. () and (e). In the first case, the point within the triangle 
Is called D and the right triangles are ACD and BCD; in the second cane, 
either of the points my be called D; in Pie. (e), the first intersection 
Feached in moving fro A through B is labeled D and the two right triangles 
‘abv again ACD and BCD. 


: 


” 
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Por convenience the formulas needed for solving the six cases of oblique 
triangles are Listed below. A derivation of the formulas for Case 1 ix given 
in Problem 6. Tt isto be noted that the forsulas required for Cases 111 and 
Veonsistsimoly of the formas necessary to solve completely the tv right 
triangles. 


As 1. Gi¥eR a, bice 


» tan §(b +a) tan $(b—a) = tan $(r +y) tan $or=y) 


Por Pig.(ih, $(rty) = de and $x—y) tn to be determined; 
for Pig.(e), Bor-y) = $e and $(xey) 4s to be determined, 


2 sh ben, y= bor) = 10-9) 
a com A= tanxcot b sin X= sin x ese b 
con B= tan ycot a sin Y= siny ese a OF Phe (d) 
co A= tan acot b sin t «sin x csc b 
con(80"=) = tan y cot» sin Y= sin y ese a FOF Pll (e) 
WC = key for Fig), C+ X-¥ for Fix. (e) 
5) Check: Use the lus of sines or construct perpendicular through 


Aor 


CASE 11. Given A,2,C. 


Proceed as in Case 1, using the polar triangle 4 
ate tB0°—A, bie 190° 2B, c= 150°—C. 


"c* in which 


CASE TIT. Given B,c,A- 
» 


For Pir) 
» yre-* 
a cos a = cos h et 


cot ¥ = sinh 
cot (140-8) = €ot 


» corey Cex-¥ 
5) Check: Use check formula for each right teiungle on route. 


CcaSHE IV. Given 


Proceed as in Case 111, using the polar triangle 4’ 
b= 180, c= 190" —c, a” = 180° 


CASE V. Given A, b/AL 


1) tan tan b coe 4 2) cos Y= tanh cot 
ok X= cos & tan A (cos y = sec h cos @ 
in h= sin b sin a sin Bs sin hese 


oem Iog sin B <0, there 4s a possibility of two solutions. 
4) Por Pig.(d): c=x+y, C=E+¥, For Pig.(e): ¢=x-y, C=¥—1 
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CASE VI. Given A, 


Proceed as in Case ¥ using the polar triangle A'8'C’ with » 


180" 4, 


SOLVED PROBLEMS 


1. rove: 0) tay OP +0, 6) bev tm = t,o) 
4) bay 0° « $(4 =m 0°) « 41 
1) tm a? = hc = con 180) 
) ty 8) = Aft ~ com «8)) 
1) Since ta B= voe 8, cone 12h By 


(8) = tar 8, a) cone 4a tav 8, 


Prove: haw A= wince =) singee) exe W ese cs 


Prom chnoter 215 Probl 


Then 


= ea = com a) = sity = Sate =b) state =e) 


= in(e=b) sinia=e) x0 b one e4 
sab 


muy a = hae(h=c) 6 sie bain c haw A. 


3. Prov 
ting the Ine of <orines cone = con h car c= sia b ats © con A, 


my 4 + 4(1— cos 0) = 441 ~ cos cov € - sin b sinc con 4) 
Bt = eos 


4. solve, using hversines, the stherical triangle ABC, given 2 « 121°. 
Penis", (Case H; Problen 8, Chapter 21.) 


Por A: hav A = sin(e—6) sinie =e) cae b exe © 


15%56.3° 
a “ wo 
ene 8.06811 1 ee 0.00n81 
1 exe 0.01480 1 Sue 0.00408 
1 ene 0.04038 01028 
eao 
1 ste ovat 
1 stn s.on0e6 ssn 
1 hav aeiet 
tur 3 
1 her 3000 
© Lsinsonm  & Lain sosiz 


A dese owas — & Lese a.com C 
cast 
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Fe Using taversines, find side bof the stherical triangle ABC, given 4 106725.3", 6 
Betie's3.2", (Case IIT, Protien 10, Chapter 21.) 


ay b= havlane) » sim = sine av B= bavianc) + x 


6, borive the formulae wed in nolving Cane 1 ky Ye DE Urtangle wothode 


<r 


“ ey 

Fig. (d) aBlusteutes the caer im shich cho perpenticalar through C mete the opposite side 
nuhia the tetanele, am! Pigs(e) Llusteates the case in stich the perpendicular weeks. the 
Crmaate side extended 


In either figure, con 8» cae fon x 


‘hee a 

and 

Unig Formas Chapter 12, tne ersmes . 
Zain ibew) sin b—=) sin s+y) sin dead 
Feo bibont con Hibse) Pew Hrsg) con HE=P) 

» 1A) tam bth tan bebe) = ca $299 ta Sera 


Or the cae EHLUAEFated G6 Vga cf), Ste «y) © de: for the case AATuntrated In PLE (e), 
Jonny) dee Mavine obtained Sor~3)' or Sexy) Wy wn of A), 


wen 


ered) and 72 Seog) = hea 
Thins An Fle 
cm A= tan ecot bain 

oe tan y eat 
cust 


ne ese (trtamete ACD) 
Yin y exo w  (tetanate WD) 


an 9 


"coe A= tag x cot by mK = aims ese ctrianale ACD) 
com (ish =B) © tae 3 et Yosinyesee  (ertangle Bc) 
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CASE Te 


‘Solve the spherical trianele ABC, ven «= 21°54, 6 = 1md?s47', © = 6574208". 


(Problew 8, Chagter 21.) 


Soop © be + aon" 


(1) tan Hee =y) = tam ho) tam $100) cot 30849 
eimete ACD rianate Ach 

(2) com A= tan cot b (4) con Bs tan y cot a 

(0) sie aine ce (ByainYe any exc a 


comer 


Hib s0) = 112° 5.0! 


fete 2 =i" 
deay) © aPsh2 
y= 23.3! 

e ” 

4 1 in 9.50502 

1 1 ese 0.01888 

1 eats 

1s 

1 Tsim e901 


cos E5015 (mY 


1 sia 5a 
CASE IIT. 


ABC. givens = 10625.2°, © = 3216.7", ¢ 


‘cuter 31.) 


Solve the spherical ertane 
Tusa". (Probtew 


‘rimete HD ‘Trinnete AcD 
cm b = con h cos y 
ot Ye sin hoot 3 
cotta A) > cat A sin 3 


Cory 

1 tan 0.53056 im) 1 com 8.48139 (H) 

1 con Scg2410 (mi tas 0.33387 (n) 

1 an O15 = 
1 cot 7a 

1 cor S.ora68 (mn) cot 8.73308 «n) 

1 cos 9.00038 1 stn a.30a6e 


1 con 3 6aTES TS 
1 cot ore 


cot 05013 


coarser! 
Tae 00°, 5+ oP; then h> ooP (see Lams of eadrants, Chapter 20). 
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CASE V. 
9. Seve the spherical trinaele ABC, elven « » aiPa6.a", < = H1s?s0.6', 
Ae P3ka', (Problew 13. Chapter 21.) 
‘Triangle ABD Triana BCD 
tan x= tan © cond com Y= tan h cat @ 
fot C= eon ¢ tas A 
in h= ane sina a 


‘ 


= Us.6 team ovaaist omy 1 com senate (m) 
As rane 1 tan 0.40682 
Pertcoey 
2 vaseaa? 1 cot aciaBE OH 
sooo’ 1 tan 0.22726 1 ac o.20061 1 nin SNe 
srae.a' 1 ot s.2aess 1 ae 9.20047 | ese 0: 00608 
Wane! 1 coe OcASHT 
ys P56 1 coe S508 
etree 1 stn Soo 
benny = ree" 


Bltlyew a2! 
Aco? thes he ag", tt ey a, them C2 4: there te ote solution, 
4 
10. solve the spherical triangle ABC, siven 6 + a1eza', ¢- sPis.a', 
ca arn q 
‘Trianete Ac 


fan « = tan b con C 
cot kbar 5 tan € 
sinh = sin b sinc 


1 tan 0.83626 
1 cor S.A 
1 an Oc 
The sie.a' 1 tan oveneas J mee O.t6as6 1 stn 800 
ee SPINA Leot 8esTeE 1 coe OTRO 
ye ater! 
y+ ado, 


"Ce oP, then he So, he go. then Hh oe 
Torn wre tro solutions, ACB, and AC, a stow Un the figure. The required parts are: 
Triana ACH. Hy © 6F0.0", ayeesy tO, Ay <a = UI8PHL8', 
Trhangle ACH. = 180 
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SUPPLEMENTARY PROBLEMS 


‘Solve, using baversines. 
Ws a wPaa.e', b= 375i 
12 0 > sPast!s b= 100" 
1 As siane', Be siPsi8! 
14s A= a3itas.4', = 1081 


ee ee ee eed 
= Beets. Ants A> OP a.2, M > saan. 7, C= viPa3.2! 
C= Bham2'. Anne a = 2074.0", b= a1%6.0", © » 28°96.8" 
Anse 4 = 150.8", b= aval, 6 + sean." 


(hing bavernione, Find the rewired oatt, ‘i 
15. 0 > 100447", b = OF 12.3". C= oePan.8 < tind c = 10Fm0.6". 
YG b= tsePiz.t', © = Pane, Ao wean: Und « = ease. 
We os eran, b= Pts.2', C= 20128" 5 tint e = aP eu. 


18. Solve Supplematary Problews 1g-91, Cearter 21, using the right triangle aethod. 


CHAPTER 23 


Course and Distance 


‘TWO PROBLEMS OF NAVIGATION Will De considered in this chapter: 
'4) Th position of the starting point topether with the course and the dite 
tune made good at a elven Cine being kaw, to find the position wt that 
tine. 
&) The positions of the starting polnt and destination being known, to find 
the distance between the t¥o positions and the course 4n sailing fron one 
tothe other. 


‘(Throughout this chapter the term ‘eile #111 mean nautical wile.) 


PARALLEL SAILING. Suppose that a ship satis due 
‘east OF due west (due east in the adjoining 
Figure) trom a known position D for a dis- 
tance of p miles to B. Since the trip is a- 
Jong a parallel of latitude, the latitude of 
B 4s that of the starting point D. Problem a) 
is thus reduced to that of finding the lon- 
witude of 8. 

‘The difference in longitude (Dlo) of B an 
and D is measured by the arc FG intercepted 
‘on the equator by the meridians through D 
fd B. The distance traveled in sailing from 
D to B (that is, the length in miles of arc 
(BB) 4s called the departure (p) of B from D. 
The difference in longitule is marked £ or # 
according as the departure is E or W. 


To find the Longituie of g it 1s necessary 
to convert the departure p niles into minutes. 

(Note that since the departure 1s now measured along a small circle, the Te 
lation I mile = 1 minute does not hold.) In the figure, join D and & to the 
center C of small circle (parallel of latitwir), join 9, F, and @ to the eon 
Lor 0 of the eurth, and drax DW perpendicular to OF. Denote 2FOD, which mea 
sures the Intitule of B, hy L. Since 2F0G = 20CB, the arcs FG and DB are pro- 
portional ta thelr radii; heoce, 


are 7G _ OF | 0D 
MCFG OF 00. sect, arc AG= (ure DR) seek, or Blu = p60 dn 
arc Dai Cb” ow Ses ose 


Thus, 
Aifforence in longitute (minut 


) = departure (nilen) « secant of Latitude, 


EXMLE 1. A ship in latitude 44°90'N sails 65 miles due east, Pind the 
resulting change in Longitude, 
Using the above figure, the departure is p= 55 miles and L « 44%90', 
‘Then Blo = $5 see 44°30" = 77-1 alles = Tht E or 1917.1 He 
(See also Probloms 1 and 24) 
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PLANE SAILING, Suppose that @ ship sails for a distance d miles along a great cir 
‘cle from 4 to 8, as in Pig. (a) below. Throueh & draw the parallel of latituie 
heeting the weridian through A in Dan let the mridinns through A and @ moet 
‘the equator in F uni G. Then are AD Is the change in latitude and p » arc 
‘a 15 the departure, 


o » 


When comparatively seali distances are involved, it is customry to con 
Sider the surface of the earth to be a plane in order to take advantage of the 
Simpler formulas of plane trigonosetry. Ne now propose to limit all distance to 
200 miles oF Jess and to assuse that we are dealing with a plane, 

Jn this plane the equator and the parallels of latitude are represented by 
‘parallel (horizontal) Lines while the seridians, being perpendicular to the 
equator, are represented ly parallel vertical lines, In Pig. (b) above, NAS 1s 
the meridian through A and pg is a portion of the parallel of latitute through 
B. Then, d= AB is the distance, p= M8 is the departure, 1 is the change in 
Tatitude, and C is the course angle. 

From the right triangle ABD: 1=deasc, p=dsinc, tanC=p/l. 

‘The change in latitude is sarked N or S according as B is north or south 
of A. In Pig.(b), the change In latitude is 1 elles N or { minutes N, the de~ 
barture is pailes , and the course is NC°R. 


EXwrie,2. A ship sails on course 30° (or N 30° B) from A (Lut. 450" N, 
Jong. 70°0' W) for a distance of 120 miles to B. Pind the dejarture and lat 
tude of 


Prom the right triangle ABD of Pix. (b). 
P= dain C= 120 sin 30° = 60 ailes & 
1 < cos C © 120 cos 30° = 101.9 atles N. 


‘The change in Latitude is 103.9" « 1944" and the Iatitude of # 1 45%0' + 1°44" 
= 4644" 8. 


(S00 also Problems 3-5.) 


MIDDLE LATITUDE SAILING. When the triangle ARD of Pig. (a) is turned into the plany 
triangle ABD of Fig. (5). are O8 sust be lengthened, Thus, when the departure 
P= DM obtained by plane sailing is used in the formla Blo = psccL of par~ 
fille] sailing, the value of DLo is too large. A better approximation is ob- 
tained hy considering the departure laid out on the parallel of latitude half= 
way between the parallels of latitude of A'and 8, that i= 
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‘This method of converting departure into difference In longitude 18 called 
middle Intitude sailing. It should not be used, however, vhen the middle 
Tatituse exceeds 60. 


RAWLE 3. Pind tho longitule of 8 in Example 2 by the wvthod of middle 
laLitude gatiine, 

‘Tho latitudes of A and B are 45°0'N and 46°44°N, and thw departure is p= 
0 milon Ey The middle Iatitude = 4(lat, A+ Lat. B) = 4(45°O" © 40°40") = 
ab°52" Nand 

ko = 60 sec 45°52" = 86.2". 
Thon Jong, B = 70° ~ 062° = 64MM! W. 
(See also Problem 67.) 


DEAD RECKONING. The process by which the navigator approximates bis present poss 
Hon using as data the last known position of tis ship» and the courses and 
distances: mide good from that pasition is known as dead reckoning. The mthod 
Of middle-latitule sailing 4s used in calculating the Longitude, 


(See Problem #.) 


mea, CIRCLE SAILING. 10 treat cigcte soiling from A 10.8 (EA (2), (a) talon 
the track of a ship is the shorter arc of the great circle through A 
the lniusweal proaloms of great circie’ cavisition sha) Setar steals 
distance fron A to 8, and to deteraine the direction of the track at any of 


its points. 
ke 
o 
7, 
«© “ © 


Problens of groat circle sailing require the solution of a spherical tri= 
tangle (usualy oblique) baving one of the poles Fs or My as a vertex. If A 

1 are An the same hemisphere, the pole of that hemisphere i» usually taken 
in thin Vortex; if A and Hare im different hesispheres, either pole may. be 
vd. In Fig.(c), A and 8 are in the northern hemisphere; = are APq= 90° — 
at-A = colatituio A, = are BP. = 90° —lat. 8» colatitude 8, and DLo™= cAPal 
© difference in Longitude betweea A and A. tn Fis.(d), A is in the southern 
hominphore and fis in the northern hesisphiere, In triangle APsa, b = are APy 
= 009 + lat, A and a = BP, = 90° — lat. B while in triangle APA, b= are AP) 
= 09% = Iat; A dnd a's are Bry» 90° = lat. B. in Plg.(e), A and @ are in the 
Southern hwnisphere, Ih triangle Af, B, b> arc AP, ~ 90" lat.A and a = are 
ar, = 90° ~ Ie 

Tn each of the figures, d = arc AR = the great circle distance between A 
und 2, 2#,AB = the initial course, and 2P,BC ~ the course on arrival, 


(See Problens 9-11.) 
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PARALLEL SAILING. 
4k A-ship sults due west for 160 wiles in latitude 25°Q, Pied the raul 

itu, 
Wore p= 1m, b= as, and Ble + y nec k + ten wee 38° « rasa" 8, 


change 18 ite Tone 


Pe otto ts’ 


i 
Probes 2 


Probes 
tm tatitude SoPW steam duc east antit it has made goo a aiference In longitude of 
ind the departure. 
ere Dlo + is) = 135'E, L= 50° ant, usine Blo ~p sec L, 

1 =Dla cos L = 135 com so? = 66-8 niles 


PLANE SAILING. 


3. A-ship antis on course 245710" (or $310" ¥) fram san Francisco (Lat. 37°90" N) for nadine 
tance of 150 wiles. Find the departure of the ship and the Iatitude attained, 


ca ned B the final position of the ship. tn the right triangle 


at A be the initial gost 

AND, C = 63°10"; then 
psd xin C= 150 24m asta! « 136-1 mies ¥ and 
> d eon C= 150,co 65°10" » 61.0" 5 

‘The latitute of B i 9750. ~ = 3047 §. 


log E, Pind the wouree and distance 
Im the right triangle ARD= tan C » p/l = 115/m = 104873, Co B9°1', and Che course te 
Bass" oF AMCaae: = L soc C= BO wee SSN « Lalla 


” 


Problon 4 
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Vere (= 5s°ua'—s3°io' » Fan" = iso niles s C= 8 a0; then 


ds Lame» 130 see 08 = 158.6 sites and 
p< Lian C> 130 tan Si > S46 allen 


MIDDLE LATITUDE SAILING. 
6, Pam ponte hon AClate SA°Q0" Me Tomes ASCO" 8) = shy teams 168 stlox on course 230°, Pind 
{he pont Free 
wre C= 8 WM, ds te; the 


1S dom C= 165 com 40? = 1304" Sand 
fein 165 at a? © 106-1 atten 


Who" 126.4" + SFa.6'N. Tee middle Tacit tn 5(B420"« 83,6") 


‘The Int tude of 
= 5H 6.8K Then 


Dho = p soe SME. As U6t.B) = WG we SPER = aTe%s w 
fa the Longitace of Bis 156°0' = t76.8° = asest" &, 


fon 120" 


Problow 6 Probion 7 


Te A ap Youve ACL. 4020" Nemes AIR" Hy and arrive at RCIA PAG Ne Home 409M 
iid the ourae and distance ine able Iatitae sailing. 


‘Dw WitLerence Am Incite 4» I + 4033" ~ a7Pae! = ae" « 186" 8. 
‘Tho Eforeme Am Tomestide in Plo + 4PPA2' = a4Psa! = Pn = 138! ts 
‘Tow wattle Latitude sw jewdtan! + aac") = ae". 


= 130 com ava! 


Ouenes and C= am; 


fron | = dom C, 


fe C= 156 see 34°29" = Lan. alten & 
‘Tov course 1s 534"28! E or 148221". 
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DEAD RECKONING. 


1 SPAa N, lone. 12¥°0' H) = ship sails the foloving courses 


course aaa aiaa0" amo’ aus’ 00’ 15020! 
Distance nites) 18.3220 MS BO OD 


Pind Uw courne and distance mad gd, and the Jat tte and Yoneitue of the fAnad yowition f 
‘of the verte 


" 


« io 


‘The First tao columns of the table below List thr given date, The colums beaded CHUNG IN 
ATITIDE and TEPARTIRE are conpated ty means of the formles 


trdeme amt po dane 


(= tues cos so? = 119 5 ant po ns sin i? + 16,2 mi 
T= 2200 con apP20! = 14.3°H aa p= 220 sin Pao) > 


1 Pine (bys tan = p/t © 4165/240 


‘The Latitude uf the final pouttion of the vessel is 374a" © 24.1" = 3°43" The mid 
titulo is deaan" » ata") = 301": then 


Due © 41.5 see 361! = 52.78 
tn the longitude of the final position ts t21°0' + 52.7! « 12s%ss' 
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GREAT CIRCLE SAILING 


9, Pind the distance, initial course, sad course oo arrival in traveling fron " 
Monotut (it 34°18.2°R, Lou 18°32.2"# to San Prancioce Cat, $747.5 Ne 
Tones 122257 


1 the faeure, A ks at Mosalulu and B 16 at Sin Prazcisco, \e 
Thon 9 = 00" — 317.5" = PizS', hs WP 20h OL, and 
Ge Wesh.a ~ vEas.t! » 328.8 


Stonlrd Solution. 


or ABS (A) tan bubsA) = 00 Seba) awe aubsnycot se 4 
{ay tan Sgrcm) = ain Seca) one abet cot AC 
ore (a) tan de + tam Hina) atm A) ene Sua) 
@ ® 
ote aseas 1 tan gine 
Moh > erent! 1 soem 
fel eas: 1S aces 
renee tain a. 
Mila) 2 Sues testa 1 Geese 
8. one 
to Spm 
so fem 1 tan 3a 
ct wane 


‘The required distance 1s 34°40.2"=20m0.2"= man.2 ai The initial courae ts W $340.3" 
for 59°40.2" and the course an arrival ss N(IOP— 108"16.0")E = N-71°48.0" © or 71°60". 


Alternate Salation. 


bs axes! 
Perrory 
= sean! 
2» = 9.06022 


sin 9.19070 
1 ate 2.3073 


1 exe 0.03074 
1 ese 0.348001 coe 0.2400 


1 hav 53007 


1 nay a 


‘The required distance 1 2060.2 mites, the initial couree tx S#'40,2', and the course on 
arrival te 7145.0". 
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10, A ship sails alone the great circle track fron tuteh Warbor (lat, $3°59.0°N, Tone. 1635.0" ¥) 
{io Meloourne (Iat, 3750.0'8 Jone. 144°50.0°R}. (a) Pind the distance, the initial course 
tna the course on urrivai, () Locate the point of intersection of the track and the eaune 
tor. Pind the course at this point, and {ts distance from Duteh Marbor, (c) Lmcate thw point 
fon the track whose longitude Ie 1p). Find the course at this point and Its distance row 
teh Harbor. 


18) 18 Pits (a)s A s8 Wt Dutch Marbor and B is at Melbouror: then b= 0 —53°53.0° = a0"7.0", 
{= 007 «37°50,0" » 122°30,0", and C » su ~|166°35,0" = 144°38.0") + a8?20.0". 


Por AD: (1) tam SA +B) = com 


(2) tan SA=B) Sain ce 
ore! a) tan de > tan Keb) ain Su+B) exe 34-29 
o a o 4 
Ho) = 1 om 9.54288 Tunas: 
hens 
yee 1 eot aint Lot 63am 
4am) = 1 tan 19099 1 sin s.oneae 
ium 1 tan bare ce eos 
Ag 
re a 
ke 1 un dom « 
= 1054 
‘The rere distance fo 100454 = GOES = ONS elles. 
Tee initia! course EC — 14a 8 = 8 
4) Denote fy D the Interection of the track and the easton, j 
Sh hy (te Intersection of the mridian throngs A and the © 
futon, coldest right spherical tranele A of Pla) with 
Ge oy a= ace Gk = 59't0"y aad A= ZTAG © ah Sa = 
sess a 
For a: (4) tana = sind tan “ 
or D: (3) con D> cord xin A 
For @: (6) tang > tan d sec A 
4 
o “é 
1 con 8.77063 
1 sin 7m 
arena! 
De atte’ 1 con es ae om 
oar 1 tan 0 ‘ 
‘The lenght of tn 14°38.0"» 3178.8" «rs s'¥ = weet. 
‘he cours st D in Sd? ta. 1'}¥'* 8 24S. 9 # oF 245.0". 4 
‘he Sintance of run Outen Nara Ae 5845.7" = 305.7" = 3948.7 whe { 
©) benote tH the point onthe texck th toagitude 160° and coasider te Mi 


fpherical triangle AME of Fin. (c) im ahich C 1a0°-t66°5.0" = 13°25.0'. 


Por aye! (2) tam dase) » coe SAC) see 44+) tan ge 
(8) tan dene) = sim §A=0) exe SUC) tan de 


For Ms (9) cot 4M ain ae) cnc des) tam 4-C) z © 
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o my ” 
4iA-C) = sna" dems suena} sin 8.95058 1 tan 0.7745 
JSC) = 13.2" 1 see 0.60008 1 cme 0.00804 
gee as" Lan 95iae} tan 6.51328 
Hever = aei2ct! 1 tan 1 sin 9.70098 
Jace = ee! Ltan bcaToT9 1 ese 0.50076 
Perce 
c= a6" 
2M HPs 1 cot OanTle 
Maa? 0° 


‘Thr lat tute of M As (a0?) = 39° 1.0'R. The course at MH 
‘tw diatance of M from Butoh Waetor (8 L364" = 1046-4 miles 


8 2?e.0'¥ oF 2074.0, and 


11. A ship Leaves New Yor (Inte 40°4He€'R, tong. 12%57.3'e) following » erent chrclo track with 
Initial course a6°9.0". (e) Pind the latitude soi Joneitude of ite postion B shen 1X hax 
tuveled $00 miles,” (6) Leeate the sorthera-asst point en the track, 


1) Pia. (a), A is at few York, Then & = oo? — adPas.e = att 
= 600 


= Pano", and A > 26°00". 


oh) 
For CE (1) tan 45+) = con 4(6—€) see Hb cot 4A 
(2) tan HA=C) = ln be) ese bse) cot 3A 
Por a: (9) tan do = tan 4(h—e) ste 4B+C) coe 408-6) 
y 
a @ a 
Leo govt I sins.seast 1 tan 9.57108 
a a 
HEV) = 1 tan @5i —___ 1 stn 9.98081 
fa-0) = 1tan G30 1 ese G.onm re 
Be sa 
ce — 
ee 1 tan 50158 
ts 4Pm.6 
he Int tte of An (Ot 4230.6°)M-= 4720.4 ad Ue Hongttade 18 (72878 149,379 
= 06443" 
1) me worthornemoat point on the track 1s D shove meridian 4s perpens 
‘iowlae to the tracks TH the Fleht sebeeical Urlangle ACD af Pies (b), 
We MPLA aed A> 360.0". 
Por a: (4) sina = sind sind 
Por C: (8) tan» wee d cat A 
ry 3 
de qunea! bain peproo2 1 see 0. ne72 
A= M00 Lain B.3e83> 1 cot 0.13804 a 
eae a.e! 1 stn jen 
© oa'se.o” 1 ean 0.3206 oO) 
“The tatitule of Die (26°24. 81)M 62°35. 1'M aed the Leneitde 3s (7457.3 PAG. 0" 


Pass, 
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SUPPLEMENTARY PROBLEMS 


PARALLEL, SATLING. 


12, A ship sate due east for 00 niles aloes the parallel of latitude 4°, at ts the Joon 
oe OF 1s point of arrival sf «) It starts trom longitude 125° ly Jt starts fren Too 
te 100° Ens. a) 130°90.9" 8.) 164°D001" 

1B, A-ship Im tntitude 429% sate due west until At hex made good a iffereace In longitwle of 
P48. Find the departure, Ane. 16te3 allen © 


4, A.ship Am tatitue 22°" alte due ment until (¢ bas made good a ference tn lenaitade of 


PAS. Pind the departure. ne. 206.6 eile © 
PLANE SAILING. 
15. A slp sain 128 nites on course 4240! from A(IaL. 4? ¥)< Floa the departure and the tati- 


fide attained, Ans. p= a4.T alles E, Int, «41°32! 8 


16. As 1g mites veot ant oo aties north of A. Pind tbe distance abd curse in salting from A 
tobe Ans, d'> 154.0 silos, course ~ 44°15" 


leronue LatrToDe sArLINo. 
YT. from position Alot. 28°36" ¥, long. 64°55' #) a ship suite 175xiles co «course S30", Pind 
the position B reacted,” ne. Bilat. 33°46! N, tone. 6212" ¥) 


JG, Ashipteaves AClat, 45°13 N, lone. a0°se! Want arrives at B(tat, 48°45" R long. 13712) 
Find the course and distance, det, 32°47", 527 silee E 


19. An airplane flies fram sea ingo (Int. 37°42, Long. 11710" #) to Sk Prancisco (lat, 3740! Ny 
Non. 12P2¢' W). Plad the course und distance, ne. 230°3', 900.3 alles ¥ 


‘DEAD RECKONING. 


starting at Act, 4TP24! 


20. Pind the course made good and the final position 
Tong. 75°45" W), sults the folloeing courses: 

a) caurne Laat course a30Po!, distance 39.0 alten. 
3, dintance 125.0 of 


21s Starting from a ponttion A(tat. 49°30! N, Lone. 125°O" #) & whip aaite the following courvos 
nd stave 


course 35830" asdo! 2880" aasa0" 11030" 
Distance 90.0 45:0 10048400 


Pind the course aude got aed the thea) powition M 
Anes vote’: aden! ®. 24°20" © 


GREAT CIRCLE BAILING. 


2, Pind the sbortest distance betwen: 
Chicago (Ist. 41°50.0°R, Lone @737.0"H) and butch marvor (Lat. 53°54.0°%, Lone 190300! ¥). 
i) New York (Int. 40°43.0°M, Lone. 74°0.0"#) abd Rio de Sere (16L. 22°54.0°R, Lone. 42°1140'¥), 
©) Duteh Harbor end Ria de Janetra. 

ness) 2085-5 siles, ) 4186.2 niles, c) 7606.6 ates 
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‘Pind ie great circle distance, the nitial course, and the course on arrival in traveling from 
Wachtnston (hat, 29°95,0"%, lune 77.0" ¥) to womeow (at, 55°45,0" 8, Lome, 37°94.0" Ble 
Aves $210.6 nites, F540, IPB 


4 tho great role distance, tai 
‘eutts (lat, 2095.0" Mo, 
Ane 402260 atten, 230°96.7°, BR 


2H. Locate the ship 1a Problem 24 wbeo At eremses the equator and find Ss distance from 
Anse wes 0Ta9.4" By 1752.8 


26. An kirplune fies From Nenotula (Ist. 21°18.0" R, tong. 187852.0' ") om course 4072.05 
1) Lente the point em the track pearest the meth 
1h) Pine poutEton whee the longite In 40 
Anes 0) Tate BE aKa N, Lomee 85°49-8 
hy tae Bea 8 


‘course, and course oo arrival in traveling from 6a 
) to Metbmurae (Lat, 37°400" 8, Lone, 14°580" Be 


CHAPTER 24 


The Celestial Sphere 


‘TO AN OBSERVER ON TIE EARTH'S SURPACE, it appears that he is at 
‘sphere of untieited radius an shich all the other heavenly tod 
ust to west. Such a sphere, of unl 
enter of the earth, Is useful 
havigation, ‘This sphere ts calle 


conter of a 
ove from 
ted radius but with its conter at the 
‘solving certain problems in astronomy and 
the celestial sphere. 
In order to locate a heavenly body on the colestial sphere (nore preciwely, 
{in order to locate the point in which a line drawn fron the center of the earth 
through the center of the heavenly body pierces the celestial sphere) cer= 
tain reference points and great circles are necessary. 


z 


eran, 


Fy 


Pointa and great circles independent of the observer ary. 


1) th celestint poles Py and P,. being the intersections of the axin of the 
courth und the celestial sphere. 


2) the celestial equator EDRQ’. being the intersection of the plane of the 
earth's equator aid the celestial sphere. 

3) the celestial meridians, being talf-sreat circles which pass through Py 
and Py 


9 
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‘THE CELESTIAL SPHERE, 


Points and great clreles dependent upon the position of the observer are 
1) the (observer's) zenith, Veins the point Z on the celestial sphere directly 
abave the observer. 


2) the (observer's) nadir, being the point 2/ diasetrically opposite 2. (Note 
that Zand Z' are the intersections with the celestial sphere of the Ling 
Joining the position of the observer and the center of Uw earth, ) 

2) the (observer's) horizan, being the great circle NESW whove pole 48 Zs 

4) tho (observer's) celeat ial seridian, being the meridian %2%, Unrou the 
vanath. 


or a heavenly body 7 

1) the vertical cércte of T is the half-ereat etrele Zm@!, # being tts t= 
tersretion with the horizon. 

2) the altitude of T is its angular distance from the horizon. the altitade 
(are IT) Is + or ~ according as T is above or below the horton. 

2) the tenith distance of T is 90° ~ altitude of T. 

4) the azimuth of Tis the ansle 7,27 between the observer's meridian and the 
Vertical cirele through T. It ts generally measured along the horizon fon 
the north point Nwround through the cast to Por a body in the eastern 
sky, ‘the azimuth is < 190": for  buly in the western sky, it is > 180%. 

9) the hair circle of T is. the half-great circle F,7Kf,, K being tts inter- 
suction with the equator. 

©) the declination of T is ts angular distance from the equator. The deoli- 
nation (are AT) is + or ~ accordins as T is north or south of the equater. 

7) the polar distance of T is $0° - declination of T. 

8) the hour mele of T 1s the angle 22,7 between the observer's meridian and 
the hour eirele through T. Tein -sratured westward {ron the oUServar's Be= 
Fidian froa 0 to 360". 


Due to the rotation of the earth, an hour circle appears to change by 1 
each hour; this, the hour angle may be measured 1m time units from 0% to ab, 


CORDINATE SYSTINS. In the horizon system, the axes are the (observer's) hgrizon 


‘and the vertical clrcle of the heaveniy bady T, The coordinates of T are: 
the altitufe, WY, wasured hy = sextant or transit; 
the azimuth, '2?)27 of ure NEW, measured ly a conpans. 
18 the equatorial system, the axes are the celeatial equator and the hour 
cirele of 7, The coordinates of T are’ 
the declination KT and the hour angle 2747+ 
‘The Jeol inattons of certain heaveoly bodies therther with their hour angle for: 
An obwerver on the meridian of Greenwich are given in the American Nautical 
manne. 


‘TMK ASTRONOMICAL TRIANGLE for 2 heavenly body T is the (celestial) sphorical tris 


ungle 27 formed by the okserver's weridian PZ, ‘the hur eircly MT, and 
the vertical circle 27. The parts of this triangle are: 


1) side 72 = cenith distance of T= 90° - altitute of 7, 
2) side TF, = polar distance of T= yo — declination of T, 
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8) side 27) = colatitude of otserver = 90° - 9 
90° — latitute of observer cin Northern Henisphiere) 
90° + latitude of observer (in Southorn Hemisphere), 
4) angle 727 = szinuth of 7, if T is east of the observer's mridian 
360° ~ azimuth of T, LF T is west of the observer's meridian, 
5) angle 2%,7 = hour angle of 7, if T ts west of the observer's seridian 
© 260° ~ hour angie of T, Af T is east of observer's weridian, 


6) angle 277,, which is of no special teportance. 


SOLAR TIME. Whon the center of the sun 1s on the olserver's aridian, 22F,T = 0° 
It ts’ loca! solar noon for the observer. 
The local apparent tine of the observer at any instant is 12 
the astronomical triangle) shen the sun is in the eastern sky, and 13 +227 
when the sun is 1n the western sky. 


EXAMPLE 1. Pind the Local apparent tine at ew York (lat, 49°42.0" 9) at the Instant 
(2) An the forenoon and (by im the afternocn eben the altitude of thn pun ix 34°32.0" and 
ts deedination tx 12°54 


1m the astrosonical triangle, 12 96° — altitate » 53°26.0", 
Thy = Wo? = declination = 776.0", ant Zi, = WP ~ latitude = aaa 
aon’, *, 


rom beaple 1, Chanter 22. 20yr ~ sats" = aot 
1) In the foremost Loe spare tine Sx 
ah -shomet = shat - neo an, 
1) tm te aterm th Loa! apearest ime 2 
aot = SNe ~ 4:88 re, 


Ey 


LATITUDE OF AN CBSERVER. when the altituie, declination and hour angle (or azi~ 
mith) of a heavenly body are known, the latitude of the observer my be found 
hy solving the astronomical triansie, 


BXAMPLE 2. Plod the Latitude of a observer 19 the aertiers beelapbere If, at Bis 1o- 
ft art lo 1:25:06 A Ue atta of te an te P00" and te ection te 
isan" 


1m the aotrooomical triangle, TZ = 487s0.0". TR, = 14°22.0'. 

and ¢20j7 = 129 — sohaahaet = atoaPae* = a36.0'. Thin a 8 
ane V trian for which side ZF, i reauired 

sin B27 = in TP, coe TE stn2hy 

ta AzPy = sin 442 + 2PyT) ewe MFyZT=2PyT) Can KTP, -TE) 


: 

e 
i 
i 


Thy = W220" A ein vanes 27 + 27)» ae30.0" 1 an 0.9020 

TH = 50.0" Les Otten SUyzT~ 2747) © 68° 2,0" 1 ene 0.04000 
2eyr = Bere! 40r, -12) + Pue0" 1 tan 9. strat 
sbyer + vasha2.0' ain Bary = Fans 1 tan 0.38650 


Py =P 
“Ht 4s clear fron the figure that 2027 = s0°ts.0" sen the server is in the southers 
Ienisphere and 1s 190° 20°48-0" = i49°42.0" ben the cheerver im the northern tenlsphere, 


‘Toe obeerver's Intitate ts a0 = 2F, + 6237.8! R 


2 ‘THE CELESTIAL SPHERE 


SOLVED PROBLEMS 


1. Pind the azimuth of the son and he Local agearent time at Muhington, D.C, (Let, S4°35.0" M) 
tthe instant in the aftermoon shen the sun's altitude is 25°40.0" Wan its declination ts 
AP is.0". 

Un the extrononieal trianale, TZ = 9 
ion of oun = 10918.0", and ZPy » oo? 


Stade of sn = 60, 
State of uinerver = 81°5.0". 


1 9° = dock ina 


Standrd Sout von. 


oe TE THe RP) 


a 
ni 
ia) 
t j 
z 
ee eee 
vee oe b 
Here = 
i i eet 


Since the sun 1s In the western sly, the arimth is 369° f,27 = 20°53.8° and the Local 
Apparvat tine is 1:57:25 FM 


Moversine Salut von, 4 = #12-THy 12h) 


2i,) cae TH, e90 2Py 


1 aun 9.0426 
1 xe 0.04813, 
Ty = sow 5.0" 
2P,= SI 5.0" cse Ot0899 
PET = P63" he 996K 
ahr = wa 
tots 


‘The wim tx 210°. 


land the Local apparent me 1 1:57:25 Pa us before, 
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‘2, Pind the 1aca) apparent tim and che axtmuth of sunrise and snort at Reyhjerihy 1am (lat, 
(4°9,0" N) then the decIleation of the sun As 115048.0". 


Tn the astronomical trinnele, Ay = 14°25. 2Py = 35°51.0". 
ie raa ie ee orcas goa 
Sotto tein inom PP wero werner 7 
Tio frais Se pcos cr wea cio oh, 
PeMiaear autre Melt ee 
wo a # 
anata." J eot oaaaTa (my 
0040.0" Lot o.a5o2e (mf em 9 4BDET (mp 
Behe 1 00m , 


3001 Leo AT 


hen 6 2hy7, 
tne = 13 


se s}P20,0". AL st 

= Su 0.1" 
(ote, A eurrection mast be mci In each Joes] apparent Cine to compensate fOr the retrace 

thon ot ibe Faye of the sun by the earth's atausphere and for the angular radius of the sf.) 


“$. Pind the Length of the shortest day (declination of the sun 29°97. 
‘aod the azinuthof the rising md setting sun at feyhsavib (lat, 8.078). 


‘he astrononical triangle 1s qandrantal eth Ty = 217°22.7', Z0y = 
‘2951.0°, and Z7 + aI°. Soltine toe polar trisnele Z'P'T’ for which 
T= asito.o! and 2° + oeha2.a" so an Probiew 2, we Cid 
= 15836.7 ant 2's 26 

‘then in the quadrantel triangle, 27,7 » 26°23. 
= 158565" 

‘he local apgarent tise of sunrise is 2! — vMstaxF = 10-3477 A 
ft of sunset f0 1245-20 PM 

The Lene of thn shortest day ts 2ca%4s%a®) « 383 

he azimuth of the sun So 125°46.5! st senrise and oan" i5s"su.s° » SO4°R.8" at aumnet. 

(Woe. The length of te longest day te 34" — 3PI"e = SDSS.) 


Pastas ane 27 


4 ind the tat ute oF wn bse (ie miethern teatnatore se 
to alticote oF the nin te S4°28.0", the el ipa on H» =19°42,0'. 


td the siouth Is sa ¥ 

1h the atrial tinue, 12 = 302.0", 17, «08.0. 5 
ind P27 = 400" 2010.0" 19H30,0° sino the wun by An the weak > iq 
smn nhs. 


Tye = sie AT sie Te 1h ’ 
an b2Dy = vin UAT + THE eo WIT TZ) Van by ~ 12) 


UAT THyt) = #8654! 41H 9.90000 


Myer Tyz) = TASA8" 1 eon Gor 

SOyT = 12) a8 50" 1 Lan 9408 
Say = 36° 5.0! 1 an DRT 
ay + Pa" 


as, Coe at ttate 1s go? — 321 


oP eea 
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‘THE CELESTIAL SPHERE, 


SUPPLEMENTARY PROBLEMS 


Pind Ube Toca! apparvet tine wut the arinuth of the san tn the moraine at 


14) IaLLbude 39° whew the sun's altitude 46 22° and its deel ity 18 20? 
‘y Antatide 480247 N shen the sun's al tate bs 3Q°42" and ats eel inetuon ts Laat 
2) tate 25°14" N ston the sun's altitude ts 30°36" ata ste ret ination th 1618", 


An) 6:80 AM, ai? S72 am 26 106 aN an 


nh A 
by tanita a4 te the an ts SAP36" a Ate don atm U4 DR, 


ney) ean Om as by 2:36 mm 250s" 
‘Pind Loeat noparest tine and the amphitede sf sunrine and minset Cur that day A whlch 
‘the sun's declination i933" at 


4) heaputco (1a. 1649" ns. 5:34 Ams oaa0': 
1h) Patebank (at 4°54" ans. 228 Aw WO: 
6) Marristure (lat. 40°16). dns a6 au GPa 


Fring the duration of daylight cx the Longest day (dee. ~2i"2H") at 
1) Aeapuleo, by Putebasks, fase ay hot 6) 2h 

‘hw declination of w star 15 7°24", the tour ance 45 45°51", and Ue Tatts of the ober 
er ts G10 M, Find the aeinath of tbe star, Ame, 26°36" 

at Js the Latitude tn the northern hetsphere tf 


4) At 0:56 A the sun's altitude f= agP1e" and Sts decline ion t= 14°35"? 
1) ae 3 the sun's altitate ts 24°42! and Its declination 1s ~12°28'7 
©) ACO: A the sun's altitude As 35°29" and its declination ts 10°40"? 
‘ty at 21 ft the sun's altitode 42 25°3e' amt its declination 49 14°30"? 
©) the sun nets ‘the longest ay of the year? 


Ans 0) 3406! my Sa 6) Rd) NN, OPH 
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‘Porers of complex munber, 137 

Prine meridian. 149 
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uncon of, 10 
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dive, of chroumcrited cirete, 109 
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Aisht spherical trianele, 155 
‘olution of, 156 
Roots of complex munbers, 127 
Ales of auadreste, 155 


‘ailing, great circle, 190 
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Tine representation of. 62 
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“or plane triangles 
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‘Solar tise, 2o1 

Ao}id woeetry, toptew from 46 

Sphere, celestial, 190 

Sotertear ie, ia? 
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